Constructions with Bundle Gerbes 



Stuart Johnson 



Thesis submitted for the degree of 
Doctor of Philosophy 

in the School of Pure Mathematics 
University of Adelaide 



I THE UNIVERSITY 
I OF ADELAIDE 

AUSTRALIA 



13 December 2002 



Abstract 



This thesis develops the theory of bundle gerbes and examines a number of useful 
constructions in this theory. These allow us to gain a greater insight into the struc- 
ture of bundle gerbes and related objects. Furthermore they naturally lead to some 
interesting applications in physics. 
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Chapter 1 
Introduction 



Bundle gerbes were introduced by Murray jSE] as geometric realisations of classes in 
H^{M,Z) on a manifold M. By geometric realisation we mean an equivalence class 
of geometric objects which is isomorphic to H^{M,'L). An example of this in lower 
degree is the relationship between isomorphism classes of principal f/(l)-bundles, or 
equivalently line bundles, over M and the Chern class in H'^{M,'L). The interest in 
H^{M,Z) was motivated by the appearance of such integral cohomology classes in a 
number of situations including central extensions of structure groups of principal bun- 
dles and Wess-Zumino-Witten (WZW) theory. There were already a number of other 
realisations of if'^(M;Z), of particular interest are the gerbes of Giraud as described 
in Brylinski's book 0. These are, from a rather simplistic view, defined as sheaves 
of groupoids. The idea of bundle gerbe theory was to define realisations which did 
not involve sheaves. Instead it is possible to build a realisation out of principal U{1)- 
bundles. 

Essentially a bundle gerbe over a manifold M consists of a submersion Y ^ M and 
a ?7(l)-bundle P — > yt^l over the fibre product 

yPl =Yx^Y = {iy,y') E Y^Hy) = 7r(y')} 

The fibres of P are required to carry a certain associative product structure which is 
called the bundle gerbe product. 

In jnni bundle gerbe connections and curving were defined. Together these form a 
higher analogue of connections on t/(l)-bundles. They also correspond to connective 
structures and curvings on gerbes jH]- A bundle gerbe connection is a connection. A, on 
the bundle P which is compatible with the bundle gerbe product. Denote the curvature 
of this connection by F. Let tti and 112 be the projections of each component Y^'^'^ — >■ Y. 
A curving is a 2-form, rj, on Y which satisfies 6(7]) = F where 6{ri) = -K^^f] — 'n'l'i]. A 
bundle gerbe with connection and curving defines a class in the Deligne cohomology 
group H^{M,Z{3)d) which may be thought of as the hypercohomology of a complex 
of sheaves, H'^{M, U{1) ^^ n\M) n^{M)). 

The bundle gerbe construction has also been used to consider higher degree Cech 
and Dehgne classes [12] . In particular Stevenson has developed a theory of bundle 2- 
gerbes (01],jlSl) which have an associated class in if^(M, Z), and when given a higher 
analogue of connection and curving give rise to a class in H^{M, Z(4)i3). 

There is a cup product in Deligne cohomology which was described by Esnault and 
Viehweg 12] and which has been given a geometric interpretation by Brylinski and 
McLaughlin (|3],|H]). 



1 



A generalisation of the concept of holonomy to bundle gerbes was first considered 
in [SSj- Just as the holonomy of a t/(l)-bundle with connection associates an element 
of U{1) to every loop in the base, the holonomy of a bundle gerbe with connection 
and curving associates an element of U{1) to every closed surface in the base. In one 
particular case bundle gerbe holonomy has been used to describe the WZW action [T^ . 

These considerations lead to the transgression formulae derived by Gawedski j2S] 
for dealing with such actions in general settings. These formulae generalise bundle 
holonomy and parallel transport to higher degree Deligne classes. Completely general 
transgression formulae have been given by Gomi and Terashima (|25j.|26j). 

The relevance of Cech and Deligne cohomology classes to applications in physics 
has been well established. For example Dijkgraaf and Witten ^2] have used differential 
characters to find a general Chern-Simons Theory, Gomi has considered the relation 
between gerbes and Chern-Simons theory and Freed and Witten have considered 
the role of Deligne classes in anomaly cancellation in Z)-brane theory. As well as the 
WZW case we have already alluded to there are a number of other examples discussed 
in [ig. 

The basic aim of this thesis is to provide further development of the theory of bundle 
gerbes. The goal has been to develop this theory in a way which keeps in mind the need 
for a balance between an abstract approach which readily accommodates generalisation 
and an approach which more easily allows application of the theory and which could 
be of interest to a wider audience. For the first factor the most important feature is 
the bundle gerbe hierarchy principle which is a guiding principle for relating bundle 
gerbe type constructions corresponding to Deligne cohomology in various degrees. For 
the second factor we show how various constructions may be described in geometric 
terms, often allowing manipulation of diagrammatic representations of bundle gerbes 
to take the place of complicated calculations. 

With these factors as a guide we have described a number of constructions involving 
bundle gerbes. Some of these which have already been developed elsewhere are given 
in different forms or with a different emphasis to demonstrate the hierarchy principle 
or to relate more easily to our applications. We also describe some constructions which 
are new to bundle gerbe theory. Finally we show how these constructions are useful in 
applications of bundle gerbe theory to physics. 

We begin with a review of the basic features of Deligne cohomology and introduce 
the bundle gerbe family of geometric realisations via bundle 0-gerbes as an alternative 
to f/(l)-bundles. This would appear to be a complicated approach however it simplifies 
the transition from bundles to bundle gerbes and allows us to develop some features 
of bundle gerbe theory in a setting which is still relatively familiar. We then define 
bundle gerbes and explain their role as representatives of degree 3 Deligne cohomology. 

In Chapter 3 we consider some important examples of bundle gerbes. Tautological 
bundle gerbes [SEj are introduced by first defining a bundle 0-gerbe, helping to gain 
a feel for the bundle gerbe hierarchy. Trivial bundle gerbes are discussed in some 
detail since they play an important role in many constructions. In particular we give 
a detailed account of the distinction between trivial bundle gerbes which by definition 
have trivial Cech class and D-trivial bundle gerbes which have trivial Deligne class. We 
then consider torsion bundle gerbes which are defined as bundle gerbes with a torsion 
Cech class. We describe bundle gerbe modules which were introduced in [3] and derive 
corresponding local data. We briefly describe the example of the lifting bundle gerbe 
|,36j and then describe bundle gerbes representing cup products of Deligne classes. Each 
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of these examples is useful in subsequent constructions and applications. 

In Chapter 4 the bundle gerbe hierarchy principle is introduced via comparison with 
some other geometric realisations of Deligne cohomology. The correspondence between 
bundle gerbes and gerbes which has previously been described in [36] and [3H1 is put 
in the context of the hierarchy. We then define bundle 2-gerbes following , however 
we consider the product structures as members of the hierarchy and define the Deligne 
class using the language of D-obstruction forms which we established in Chapter 3. 
We prove the isomorphism between bundle 2-gerbes with connection and curving and 
if^(M, Z(4)£)). Next we go in the other direction and define Z-bundle gerbes which 
lie at the bottom of the hierarchy. These would seem rather trivial however it is of 
interest to see how the various aspects of the higher theory appear here, in particular 
the Z-bundle gerbe connection naturally motivates classifying theory, our next topic for 
consideration. This is a generalisation of classifying theory for bundles. We present a 
number of results of Gajer |221 relating to Deligne classes and of Murray and Stevenson 
relating specifically to bundle gerbes jHH]- Chapter 4 concludes with a table which 
catalogues the various realisations of Deligne cohomology which we have dealt with. 

Chapter 5 begins with an account of the holonomy of f/(l)-bundles which differs 
somewhat from the standard treatment of the subject. The reason for this is that 
we need a theory of holonomy which relates directly to the Deligne class rather than 
concepts such as horizontal lifts which are not easily generalised to bundle gerbes and 
beyond. We then define the holonomy of bundle gerbes with an explanation of how 
it relates to the holonomy of f/(l)-bundles and with details of how local formulae are 
obtained. The concept of holonomy is extended to bundle 2-gerbes and to general 
Deligne classes. 

In Chapter 6 we describe the extension of the notion of parallel transport from 
t/(l)-bundles to bundle gerbes, bundle 2-gerbes and general Deligne classes and pro- 
vide detailed derivations of local formulae. In particular we discuss how to obtain a 
?7(l)-bundle on the loop space LM from a bundle gerbe on M and bundle 2-gerbe 
generalisations of this construction. 

The basic properties of bundle gerbe holonomy are described in section 7.1. The 
motivation for considering these particular properties comes from those of line bundles 
obtained via transgression ( [S] , [20] ) ■ We consider the example of the tautological bundle 
gerbe which motivates holonomy reconstruction, that is, reconstructing a bundle gerbe 
with connection and curving from its holonomy on closed surfaces. We show how 
the holonomy reconstruction for bundle gerbes relates to that of gerbes as described in 
PT] . Transgression formulae are then used to give an alternative approach to holonomy 
reconstruction which allows us to consider the case of bundle 2-gerbes. We conclude 
the chapter with the gauge invariance properties of holonomy. 

Finally in Chapter 8 we use bundle gerbe theory to examine applications in physics. 
Constructions in Wess-Zumino-Witten and Chern-Simons (CS) theories are shown to 
follow naturally from various constructions in bundle gerbe theory. In the WZW case 
we just interpret the standard results (see the Appendix A of pt5]) in terms of bundle 
gerbes. In the case of Chern-Simons theory we define a bundle 2-gerbe whose holonomy 
gives a general definition of the Chern-Simons action. We can then interpret Chern- 
Simons lines, gauge invariance and the relationship with the central extension of the 
loop group in terms of bundle gerbe theory. All of these results are quite straightfor- 
ward from this point of view. Bundle gerbes also prove useful in studying anomaly 
cancellation in D-branes as described in ^T]. Here we emphasise local aspects which 
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were not discussed in detail in that paper. We also add some comments on the poten- 
tial for the apphcation of bundle gerbes to the problem of anomahes involving C-fields 
and higher dimensional generalisations of Chern- Simons theory. We conclude with 
comments on the relationship between bundle gerbes and the axiomatic approach to 
topological quantum field theory. 

It is necessary here for a brief comment on terminology. We shall refer to line 
bundles and their associated principal bundles interchangeably. Also we shall usually 
work in the Hermitian setting, so our bundles are C/(l)-bundles. Since we deal almost 
exclusively with these bundles we shall often simply refer to bundles, in situations 
where we require a principal bundle with a more general structure group we refer to it 
as a G-bundle. 
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Chapter 2 

Bundle Gerbes and Deligne 
Cohomology 

In this chapter we discuss a number of geometric reahsations of low degree Dehgne 
cohomology, in particular bundle gerbes. 

2.1 A Review of Sheaf Cohomology 

We begin with some background material regarding sheaf cohomology. We mostly 
follow Brylinski's book [5^, though some material is drawn from Bott and Tu [2j. 

We assume that the reader is familiar with the definitions of sheaves and related 
concepts such as morphisms of sheaves. We provide the minimum amount of detail 
necessary to define sheaf cohomology, for further details see j^I. Let A be a sheaf of 
Abelian groups on a manifold M. Recall that this means that associated with every 
open U M there is an Abelian group A{U) which satisfies certain axioms with respect 
to restrictions. We always assume that manifolds are paracompact, that is, every open 
cover has a locally finite subcover. We shall be interested in the following examples: 

Zm, ^m, U{1)m'- sheaf of locally constant functions on a manifold M 

ffi.j^,j, U{1) : sheaf of smooth M or U{1)- valued functions on a manifold M 
Q^f^f. sheaf of real differential p-forms on M 

A complex of sheaves K* is a sequence 

jn-l jn + l 

" ^ j^n " ^ 

where n G Z and c?" : i^" K^^^ are morphisms of sheaves of Abelian groups 
satisfying dr-od^~^ = 0. The map c?" is called the differential oi the complex. We always 
assume that = for p < 0. A morphism of complexes of sheaves : K* L* 
consists of a family of morphisms of sheaves 0" : K"' such that ip^^^od^ = d^ocj)^. 

Given two morphisms and ip from K' to L' a homotopy H from (p to ijj consists of 
a series of morphisms if" : K"^ such that d'^'H'^ + if"+M^ = 0" - -0". A 

morphism of complexes of sheaves : K* L* is a homotopy equivalence if there 
exists a morphism ip : L* —>■ K* and 0-0 and -00 are both homotopic to the identity 
map. A complex of sheaves is called acyclic if Ker{d^) = Im{d^~^) for all n. The 
cohomology sheaves IP{K') are defined by the presheaf Ker{d^)/ Im{d^~^). For an 
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acyclic complex all of the cohomology sheaves are zero. A sheaf / is called injective if 
given any morphism f : A ^ I and an injective morphism i : A ^ B there exists a 
morphism g : B ^ I such that g o i — f. An injective resolution of A is a complex 
of injective sheaves /* such that A — > /* is an acyclic complex of sheaves. Injective 
resolutions always exist and are unique up to homotopy equivalence. Let T{M, .) be the 
functor of global sections which takes the sheaf A to the Abelian group r(M; A) defined 
by A{M). The sheaf cohomology groups H^{M, A) are defined as the p-th cohomology 
of the complex 

^ r(M, p) r(M, p+^) ^ • • • 

where /* is an injective resolution of A. Given a short exact sequence of sheaves 







B^C^O 



there is a long exact sequence in sheaf cohomology 

^ i7"(M, A) ^ i7"(M, B) ^ H'^iM, C) 



H''''+\M,A) 



If a morphism of complexes induces an isomorphism of cohomology sheaves H^[K*) = 
H^{L') then it is called a quasi-isomorphism. 

A useful example of a resolution is the Cech resolution. Let U be an open cover of M 
and let Ui^^,„^i^ denote an intersection C/igfl. . .fMJi^ of open sets in this cover. The Cech 
resolution is a complex C*(U, A) which is defined by Cp{U, A) — Ilju ... jpA(C/j(j_..._jp). and 
S : CP{U, A) CP+\U, A) is defined by 



S{a] 



«0, 



P+1 

j=0 



[a. 



«0, 



-l,2j + lv>«P+l 



■'p+1 



where we have introduced the notation a e 0^(14, A) where the underline denotes a 
family Q;io,...,ip G A{UiQ^,„^ip) . In general the resolution and the resulting cohomology 
groups should depend on the choice of open cover however we shall be interested only 
in spaces which are manifolds and these always admit a good cover, that is, a cover 
in which all non-empty intersections are contractible. In this case the construction is 
independent of the choice of cover and the Cech resolution computes the sheaf coho- 
mology. It is not an injective resolution, however there exists a morphism with the 
Cech resolution which induces an isomorphism in cohomology. If A is the sheaf Z then 
we recover the usual Cech cohomology groups H^^M, Z), for example a class H^{M, Z) 
consists of a family of Z valued constants c 



such that Cjk — Cik + Cij = on Uijk and under the equivalence relation c- 



asso dated with double intersections Uij 



~ c, 



where bi and bj are from a family of constants defined on single open sets. 

A double complex oi sheaves, K**, consists of sheaves K^''^ and two differential maps 
d : RP'i KP+^''J and S : RP'I KP'1+'^ such that dd = 0, SS ^ and dS = Sd. A 
double complex may be represented diagrammatically as follows: 



KP^i 
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Each row and column defines a complex of sheaves denoted K*''^ and K^'' respectively. 
The total complex of a double complex K" is an ordinary complex K* which is defined 
by fsT" = 0p+^^„ KP'"/ with differential D = 5+ {-l)Pd. 

Let K' be a complex of sheaves with differential dx- An injective resolution of K* 
is a double complex /" with differentials d and 6 such that for each q the complex 
with differential 5 is an injective resolution of K'^, the complex d{I*''^~^) C /•■'^ is an 
injective resolution of dK{K'^~^), the complex of sheaves Ker{d) C is an injective 
resolution of Ker^dx '■ K'^^^ K'^) and complex of cohomology sheaves of the rows, 
H*''^ is an injective resolution of H'^(K'). 

For all of our examples an injective resolution of a complex of sheaves exists and 
is unique up to homotopy. Given a complex K* and an injective resolution /" the 
hypercohomology group Hp{M, K*) is defined to be the p-th cohomology of the double 
complex r(M, /•*). Given a short exact sequence of complexes of sheaves there is a 
long exact sequence in hypercohomology. Quasi-isomorphisms : K' — > L' induce 
isomorphisms in sheaf hypercohomology, H'^{M, K') = H"'{M, L'). The Cech resolu- 
tion may be extended to the case of a complex of sheaves by taking the usual Cech 
resolution for each sheaf in the complex. 

We shall describe a specific example of this. Let K' = U{1)^^ '^-^ The Cech 
resolution looks like 





"a/ 



d log 

U{1)m - 



cflog 



dlos 



A class in H^{M,U{1) 
d log fa 



fii) consists of / e C\U,U{1)) such that f^f-^ = 1 and 



0. This is a locally constant f7(l)-valued function on M. 
A class in H\M,U^ Q^) consists of a pair {g,A) e C\U,U{1)) © C\U, n^) 
such that gp-^ga^gap = 1 and dloggap = Ap — and is defined modulo exact cocycles 
of the form {h~^ hp, d log ha) for some h G C^{U, U{1)). Classes of higher degree are 
defined in a similar way. 



2.2 t/(l)-Functions 

We examine f/(l)-valued functions as the starting point for our geometric objects 
corresponding to Deligne cohomology classes, focusing in particular on features which 
are of interest when we move on to geometric realisations of higher degree classes. 

Let M be a smooth manifold. We shall consider smooth functions / : M — ^ f/(l). 
Such functions are elements of the sheaf cohomology group H^{M, U{1) ). 

Our interest in f/(l)-valued functions is due to their role as representatives of the 
smooth Deligne cohomology group H^{M,Z{1)d)- 

Definition 2.1. [5j Let = (27?^—!)^ ■ Z. Define a complex of sheaves 'Z{p)d, for 
p > by 

mM - n% - ill/ - ■ ■ ■ - ^'m' 
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Where Om is the sheaf of real differential fc-forms on M and the map i is the inclusion. 
We define ^(0)15 to be Zm- The Deligne cohomology groups of M are defined as the 
hypercohomology groups H'^{M,Z{p)d)- 

Deligne classes are realised explicitly by first using a quasi-isomorphism of sheaves 

^ z{p) ^ ^lM ^ ■■■ ^ ^F'^ 

i i I (2.1) 



which induces an isomorphism 



H\M, Z{p)n) = H^-\M, U{1) ^^, nl, ■ ■ ■ ^ QJ'-') (2.2) 



In general we shall denote the complex 



by ^ so we can write ()2.2|1 as 

H\M,Z{p)d) = H''-\M,VP^^) 

We shall usually deal directly the groups H'^~^{M, V^'^) so we shall also refer to these 
as Deligne cohomology. The original definition is still required for certain purposes 
such as cup products. To get concrete expressions for these sheaf cohomology classes 
they are represented in terms of the Cech resolution relative to a good open cover as 
discussed in the example at the end of the previous section. 
There are exact sequences 



^ Hf-\M, f/(l)) ^ Hf{M, Z{p)d) nl{M) (2.3) 
which for p = 1 becomes 

^ H%M, f/(l)) ^ H\M, Z{1)d) nl{M) ^ 

where QqIM) denotes the set of closed p-forms on M which have periods in Z(l) (that 
is, the integral over a closed p-cycle is in Z(l)) . We shall refer to forms satisfying this 
integrality requirement as 2Ti-integral. Given {fa} G H^{M, U{1)) = H^{M, Z(l)/)) we 
have dlogf G Q^{M)q. This is the globally defined since d(\og^f — log^ /) = and 
may be thought of as a lower dimensional version of the curvature of a connection. 
If {fi} G ker((ilog) then there are f7(l)-valued constants q = fi which are classes in 
H%M,U{1)). 



^This quasi-isomorphism is derived from the exact sequence 



which may be replaced by 
giving an equivalent theory in terms of rather than C/(l) 



^ ^ Cm ^ C^, ^ 
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2.3 t/(l)-Bundles 



We present basic material on the relationship between principal f/(l)-bundles and 
Deligne cohomology to further develop the theory of geometric realisations of Deligne 
classes. 

We follow the detailed treatment of the role of line bundles as geometric realisations 
of degree 2 Deligne cohomology in Brylinski's book Let P denote a principal 
f/(l) bundle over M. It is well known that the isomorphism classes of U{1) bundles 
corresponds to the sheaf cohomology group H^{M,U{1) ^^). A representative, ga/s, of 
H^{M,U{1)^^) corresponds to the transition functions of the bundle. T here is an 
isomorphism with Cech cohomology H^{M,U{1)^^) = iJ^(M, Z). The image of gaf3 
under this isomorphism is the Chern class, Uap'y = — log((7/3^) + logi^Qa-y) — log(5'a/3). 
Note that there is also an isomorphism with Deligne cohomology H^{M,U{1)^) = 
if^(M, Z(l)£)), where the Deligne class corresponding to ga/3 is {na/3'y,log{ga/3))- 

It is also well known that isomorphism classes of bundles with connection lie in 
the hypercohomology group H^{M,U{1) = H^{M,V^). We use the Cech 
resolution of the complex to produce explicit representatives of these hypercohomology 
classes. If {gai3,Aa) is a class in H^{M,V^), then it represents a f/(l)-bundle with 
transition functions gai3 and local connection 1-forms A^. 

The space of bundles with connection is related to the space of bundles via the 
exact sequence [22] 

^ n\M)/n\M)o H^{M, Z{2)d) H^{M,Z) (2.4) 

The quasi-isomorphism of complexes of sheaves ()2.H1 induces the usual isomorphism 

H\M, V^) = H^{M, Z{2)d) 

Substituting p = 2 into the exact sequence ()2.3|1 gives the exact sequence 

^ H\M, f/(l)) ^ H\M, V^) ^ n^{M)o 

where d is the map which applies d to the component of H^{M,V^) with the highest 
d-degree. Geometrically, d maps a bundle with connection to its curvature 2-form. 
This implies that H^{M,U{1)) represents the set of flat bundles on M. This can be 
seen explicitly in the following way let {gai3,Aa) represent a flat bundle. Thus 
we have dAa = 0. Each element of a good cover is contractible so Poincare's Lemma 
applies and there exist f/(l)-valued functions such that dlogaa = Aa- Now we have 

dloggap = Aa-A/s 

= d log aa — d log 
d\og{gap ■ a~'^ ■ a/^) = 

so we have constants Cai3 = gap ■ ■ dp which represent a cocycle in H^{M,U{1)). 
We shall refer to the cocycle Cap as the fiat holonomy of the bundle represented by 

{9ap, Aa). 

The space of fiat bundles may also be represented by the Deligne cohomology groups 
H^{M,T>^) for p> 1. To see why this is so, consider what happens when the Deligne 
differential, D, is applied to a class {gap.Aa) G H^{M,V^). 

D{gap,Aa) = iS{g)ap-y,d\og{gap) + 6{A)ap) 
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This leads to the usual requirements for {gai3, Aa) to represent a bundle with connection. 
If we truncate the Deligne complex at a higher value of p then the third component of 
D{gai3, Aa) will be dAa. This means that a Deligne cycle will represent a flat bundle. 

2.4 Bundle 0-Gerbes 

These were introduced by Murray The objects described here should actually be 
called ?7(l)-bundle 0-gerbes, however since we only use this type we omit the U{1) 
prefix. Initially it may seem that bundle 0-gerbes are just a more complicated way 
of looking at line bundles, certainly if one was interested only in line bundles then 
there would be little point in studying them. Our motivation is that we are working 
towards bundle gerbes and bundle 2-gerbes. In this situation there are two advantages 
to considering bundle 0-gerbes. Several properties of these higher objects also appear 
in the bundle 0-gerbe case so it is useful to become familiar with them in a simpler 
setting. Secondly we are interested in viewing all of these objects as part of a hierarchy 
and it will become clear that the lower dimensional geometric realisation of Deligne 
cohomology should be a bundle 0-gerbe rather than a line bundle. In this way bundle 
0-gerbes will be useful in gaining an understanding of this hierarchy. 

Definition 2.2. Let Y ^ M he a submersion. Let F'^l denote the fibre product 

yP] =Yx^Y = {{y,y') G Y'\n{y) = n{y')} 

and let 

g : ^ uil) 
be a f7(l)-function satisfying the cocycle identity 

^(2/1,1/2)^(2/2,1/3) = ^(2/1,2/3)- 

The triple {g,Y,M) defines a U{1) bundle 0-gerbe. 

Note that the cocycle identity implies that g{y,y) = 1 and g{yi,y2) = g^^{y2,yi)- 
Recall that a submersion is an onto map with onto differential. It admits local 

sections and all fibrations are submersions, however there exist submersions which are 

not fibrations. 

Bundle 0-gerbes may be represented diagrammatically in the following way: 

U{1) 

9 

/ 

i 

M 

A bundle 0-gerbe is called trivial if there exists a f/(l)-function h o\iY satisfying 

^(2/1,2/2) = h{yiy^h{y2). 

In this case we write g = 6{h). The dual of a bundle 0-gerbe {g,Y,M) is defined as 
{g^^, Y, M). Given bundle 0-gerbes {g, Y, M) and {g' , Y', M) we can take the product 

{g, F, M) ® ((?', r, M) = {g-g\Yx^ Y\ M) 
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which is easily verified to be a bundle 0-gerbe. 

A bundle 0-gerbe morphism is a smooth map (p : Y ^ Y' such that vr' o = tt and 
g = g' o 0^^^ where 0'^! : F — » is induced by the fibre product. 

We say that two bundle 0-gerbes {g, Y, M) and Y' , M) are stably isomorphic if 
there exists a trivial bundle 0-gerbe {5{h),X,M) and a bundle 0-gerbe morphism 

{g,Y,M) = {g'X,M)®{5{h),X,M). 

Since ((7, F, M) ® ((7^^, F, M) is canonically trivial then this condition is equivalent 
to requiring that {g, Y, M) ® {g' , Y', M) is trivial. 

An example of a stable isomorphism may be defined in the following way. Let 
{g, Y, M) and {g' , Y', M) be two bundle 0-gerbes and suppose there exists (p : Y' Y 
such that vTy/ = vry o and g' = g o 0'^'. Then (g,Y,M) and {g',Y',M) are stably 
isomorphic. 

To see this consider the product bundle 0-gerbe 

f/(l) 

/ 

{ji X y)[2] ^ Y' xY 



The function g'-^g : (Y' x ^ f/(l) is defined by 

9''^9iy'i,y2,yi,y2) = g''\y'i,y2)9{yi,y2) 

= 9~^{<P{y'i)A{y'2))9{yuy2) 

= 9~^{<f>{y'i),y)9'^{y, <P{y'2))9{yi, y)9{y, 2/2) 

= 9~\<l>{y'i),yi)9{Hy2),y2) 

= s{g{<Piy'),y)) 

and hence the two bundle 0-gerbes are stably isomorphic. 

Lemma 2.1. The set of stable isomorphism classes of bundle 0-gerbes forms a group. 

The associativity of the product is clear. The identity element is the equivalence 
class of trivial bundle 0-gerbes and the inverse of {g, Y, M) is {g~^, Y, M). 

Proposition 2.1. The group of stable isomorphism classes of bundle 0-gerbes over M 
is isomorphic to H^{M,U{1)). 

Proof. Let {g, Y, M) be a bundle 0-gerbe. Define a Cech cycle on M by 

9ap{x) = g{Sa,Sf3) 

where Sq, and are local sections on M. Independence of the choice of cover follows 
from the standard argument in the case of the Chern class of a bundle, for example see 
Theorem 2.1.3 of Brylinski jH]. 

Suppose we choose different sections and define 

9'a/3M = 9Mm),s'p{m)). 
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Using the cocycle identity for g, 

Qanirn) = g{saim),sp{m)) 

= 9{sa{m),s'^{m))g{s'^{m), s'f^{m))g{s'p{m), S(^{m)) 

where ha{m) = g{s'^{m), Sa{m)). Therefore gais is a well defined Cech cochain on M. 
Furthermore the cocycle identity on g makes gaf3 a Cech cocycle. 

Consider the cocycle corresponding to the product bundle 0-gerbe g ® g' . Clearly 

{g ® g')ap{m) = go,p{m)g'^p{m) 

Thus we have a homomorphism from the set of bundle 0-gerbes to Z^(Af, U{1)). Sup- 
pose {g^Y^M) is a trivial bundle 0-gerbe with trivialisation h : Y —>■ U{1). In this 
case 

gaf3{m) = h~'^{sa{m))h{sj3{m)) 
= S{h{m))af3 

where ha{m) = h{sa{'m)). This ensures that stable equivalence classes map to Cech co- 
homology classes and hence we have a homomorphism from the set of stable equivalence 
classes of bundle 0-gerbes to H^{M, U{1)). 

Suppose that for a bundle 0-gerbe {g, Y, M), gap is trivial. Then there is a bundle 
0-gerbe trivialisation given by 

h{y) = g{sa{Tr{y)),y)ha{Tr{y)). 

It is easily verified that this is independent of a. This proves injectivity of the ho- 
momorphism. To prove surjectivity we construct a bundle 0-gerbe corresponding to a 
class in H'^{M, Z) by following the method of theorem 2.1.3 of jSj. 

Let gaf3 e H^Im, U{1) ). We define a bundle 0-gerbe {g, Y, M) where Y = jj^^^ Ua 
and g{yi, ys) = gapi^c^yi)) where yi e Ua C Y and y2 e Up C Y. Since g{saim), sp{m)) = 
gapijn) this construction proves surjectivity. □ 

Corollary 2.1. The group of stable isomorphism classes of bundle 0-gerbes on M is 
isomorphic to if^(M, Z). 

Corollary 2.2. The group of stable isomorphism classes of bundle 0-gerbes on M is 
isomorphic to the group of isomorphism classes of bundles on M. 

The U{1) bundle corresponding to a bundle 0-gerbe is defined by letting the total 
space he Y X with the equivalence relation 

{yug{yuy2)) ~ (z/2,i). 

Conversely, given a bundle (P, M) the corresponding bundle 0-gerbe is {g, P, M) where 
g is defined by pig{pi,P2) = P2- 

We can describe an explicit correspondence between bundle isomorphisms and bun- 
dle 0-gerbe stable isomorphisms. Let {g,Y,M) and {h,X,M) be two bundle 0-gerbes 
and suppose (p : Y ^ X is & stable isomorphism. We claim that (p : Y x S^/ ~— *• 
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X X S'V ~ defined by (j){[y,6]) = [(f){y),9] is an isomorphism of tlie corresponding 
bundles. First we cfieck tliat tliis map is well defined on equivalence classes. Consider 

4>{[yi,9{yi,y2)]) = [(j){yi),g{yi,y2)] 

= 0(^/2))] 
= [0(y2),l] 

= 0(b,l]) 

Clearly the action is preserved by this map. Now suppose that (p{[yi,Oi]) = 
0([y2,^2]). Then 

[cf>{yl),e^] = [<Piy2),92] 

= [<P{y,),h{<P{y^),<P{y2))e,] 

= [<P{yi),9{yuy2)02] 

so = giyi,y2)02 and thus [yi,9i] = [yi, g{yi,y2)02] = [y2,d2]- We define an inverse of 
by 

r\[x,e]) = [y,h{<p{y)x)e] (2.5) 

where y is any element of F. It is independent of this choice since given 2/2 G ^ we 
have 

[y2,H(Piy2),x)e] = [yi,g{yi,y2)h{(f){y2),x)e] 

= [y,,h{^{y^),^{y2))h{<p{y2),x)9] (2.6) 

= [yuH(l>iyi)^xW] 

Thus the map is a bundle isomorphism. It is easy to check that a bundle isomorphism 
defines a stable isomorphism on the associated bundle 0-gerbe. 
Let TTi and 112 be the maps from to Y defined by 

TTi (2/1,2/2) = 2/2 
7r2(2/i,2/2) = yi 

This notation may appear counter intuitive. The idea is that the subscript on vr 
indicates which element will be omitted. This allows the maps vTj to be generalised to 
Pi : r ^ ylP-^l for 2 = 1 ... p. 
Let 6 be the pull back — 712- 

Definition 2.3. A bundle 0-gerbe connection, A, is a 1-form on Y satisfying 

6iA) = g-'dg. 

A bundle 0-gerbe {g, Y, M) with connection A may be written as {g, Y, M; A) or 
{g; A) where there is no ambiguity. 

The existence of bundle 0-gerbe connections is established by considering the fol- 
lowing complex which has no cohomology |3S1 

fi«(M) ^ n'^{Y) ^ ■ ■ ■ A n^iY^p-^^) ^ ^]'^(FW) A n'^{Y^f+^^) ^ ■ ■ ■ (2.7) 

The general 6 map from n«(yW) to ^^(rlP+^l) is defined by 6{f) = ELi </• The 
cocycle condition on g implies that S{g) = G Vt^iY^^^). Since d and S commute this 
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means that 6{d\og{g)) = G and so the exactness of the complex 12.71 imphes 

the existence of A G ^^(Y) such that S{A) = d\og{g). 

It was estabhshed in jSEj that if we have 6{dA) = for A G Q'^{Y) then there exists 
a unique F G Q'^~^^{M) satisfying dA = 7c*{F). In this case we have a two-form F 
which we call the bundle 0-gerbe curvature. It is easily shown that changing the choice 
of connection does not change the de Rham class of the curvature. 

All of the operations which we have described on bundle 0-gerbes are possible for 
bundle 0-gerbes with connection as well, 

{g,Ay = ig-\-A) 
{gi, Ai) {g2, A2) = (^1^2,^1 + ^2) 

Now we show that corresponding to the bundle 0-gerbe connection is a connection for 
the corresponding bundle. Define a one- form onYxS^ by 

A = A + e-^d0. 

Consider this form at two equivalent points (yi, (7(^/1, 2/2)) and {y2, 1). The difference is 
given by 

Ay^ +d\og{g{yuy2)) - Ay^ 

which is equal to d log(5') —5{A) on F '^1 . Since this is zero by the definition of the bundle 
0-gerbe connection this 1-form is well defined on equivalence classes. Furthermore it 
can be easily shown that it satisfies the conditions for a connection 1-form. 

Suppose A is a connection 1-form on a bundle L — > M. We claim that A is also a 
connection on the corresponding bundle 0-gerbe. This is true because 

^i^){yi,y2) = ^y2 ^ ^yi 

~ ^{yi9{yi,y2)) ~ ^yi 

= Ay^+d\Og{g)(^y^^y^)- Ay^ 

= dlog{g)^y,^y^) 

Thus we have a correspondence between bundle 0-gerbes with connection and bundles 
with connection, however it is not yet clear whether this carries over to an isomorphism 
with Deligne cohomology. Recall that in the case without connections the role of 
isomorphism classes for bundles was taken by stable isomorphism classes for bundle 
0-gerbes. We must define a slightly different notion of stable isomorphism for bundle 0- 
gerbes with connection. This is because a trivialisation of a bundle 0-gerbe corresponds 
to a trivialisation in Cech cohomology of the Chern class. Explicitly this is a cochain h 
satisfying 6{h) = g. When we have a choice of connection there is a further requirement 
on h since we consider it as a Deligne cochain and require that D{li) = {g,A). This 
means that h must satisfy 

d{h) = g and (2.8) 
dlog{h) = A. (2.9) 

The geometric realisation of the cochain his a function h : Y ^ such that S{h) = g 
and dlogh = A. We shall refer to a cochain satisfying ()2.8|) as a trivialisation and 
to one satisfying both ()2.8|) and ()2.9|) as a D -trivialisation and a bundle 0-gerbe with 
connection which has a D-trivialisation is called D -trivial. 
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Definition 2.4. Let {gi, Ai) and {g2', A2) be bundle 0-gerbes with connection. We 
say that they are D-stahly isomorphic if there exists a D-trivial bundle gerbe with 
connection (t; C) and an isomorphism 

= {g2;A2)®{r- C). 

It is easy to verify that the set of /^-stable isomorphism classes of bundle 0-gerbes 
with connection forms a group. 

Proposition 2.2. The group of D -stable isomorphism classes of bundle 0-gerbes with 
connection is isomorphic to H^{M,T>^). 

Proof. The proof is a simple extension of that for Proposition 12.11 □ 

2.5 Bundle Gerbes 

Bundle gerbes were introduced in [SE] as a geometric realisation of classes in H^{M, Z). 
They are the key object of interest in this thesis, here we present the basic theory. 

Definition 2.5. Let Y ^ M he a submersion and let P -5 yPl be a U{1) bundle. 
A U{l)-bundle gerbe is a triple {P,Y,M) together with a f/(l)-bundle isomorphism 
-^(2/1,2/2) ® P{y2m) ~^ ^iyim) which is called the bundle gerbe product. Associativity is 
required whenever triple products are defined. 

The bundle gerbe (P, Y, M) is represented diagrammatically by 

P 

i 

i 

M 

Since we only deal with f/(l)-bundle gerbes we shall refer to them simply as bundle 
gerbes. Often we will say that (P, Y) or P is a bundle gerbe over M when there is 
no ambiguity. Given a map (p : N M we may define the pullback (f)~^P which is 
a bundle gerbe on M. Given two bundle gerbes (P, F, M) and (Q,X, M) there is a 
product bundle gerbe {P ®Q^Y M). For any bundle gerbe P there exists a dual 

bundle gerbe P*. For details of these constructions see pHj . 

In the definition of a bundle gerbe the bundle over yl^l may be replaced with a 
bundle 0-gerbe (p, X, yt^l). In this case the product is no longer a morphism since X 
is not acted on by . Since we are dealing with bundle 0-gerbes rather than bundles 
it is not surprising that morphisms should be replaced by stable morphisms. A choice 
of stable morphism P{y^,y2) ® P{y2,vi) ~^ P{yi,yz) equivalent to a choice of trivialisation 

P{yi,y2) ® P{y2,yz) ® P\y^,y;) = ^{^123) 

This trivialisation represents a bundle gerbe product if it satisfies the associativity 
condition 

"^123 ■ "^134 = "^124 ■ "^234- 
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Definition 2.6. A bundle gerbe (P, Y, M) is called trivial if there exists a bundle 
J — > y such that there is a bundle isomorphism 

where tti and 712 are the projections of each component of yt^' onto Y. The product 
TTf ^(J) (g) vr2'^( J)* is also denoted by 6{J). 

Definition 2.7. A bundle gerbe morphism between (P, Y, M) and {Q, X, N) is a triple 
of maps (a, /3, 7) where jS : Y —>■ X is a. fibre preserving map covering j : M ^ N 
and a : P — > Q is a bundle morphism covering the induced map /Jt^' : yt^' ^ X'^l 
Furthermore a must commute with the bundle gerbe product. An isomorphism of 
bundle gerbes is a bundle gerbe morphism with M = N and where 7 is the identity 
map. Two bundle gerbes P and Q are stably isomorphic if P = Q ® 

Proposition 2.3. T/ie set of stable isomorphism classes of bundle gerbes over M 
is isomorphic to H^{M,Z). 

We construct a class gap--/ € H^{M, f/(l)) corresponding to a bundle gerbe (P, F, M). 
The standard isomorphism gives a corresponding class in H^[M, Z) which is known as 
the Dixmier-Douady class. We shall also refer to ga/s^ as the Dixmier-Douady class, 
or by analogy with the local data associated with a bundle we shall also call these 
transition functions. Let Sa and S/3 be two local sections ofY ^ M defined on C M 
and Up C M respectively. These define a section (sq, S/3) : Uap — * Y^'^\ Use this section 
to form the pull-back bundle Pap = (sq,, S[^)*P over Uap- Since Uap is contractible Pais 
is trivial and so admits a global section which we shall denote by '■ Uap — > Pa/3. 
Over the triple intersection Uap-y the bundle gerbe product gives a bundle isomorphism 
Pa/3 ® P/37 — Paj- Thus wc cau define ga/3-y '■ Uap-y U{1) by 

To get a class in Deligne cohomology we will also need to define connections and 
curvings on bundle gerbes. 

Definition 2.8. Let (P, Y, M) be a bundle gerbe. A bundle gerbe connection, A, is a 
connection on the bundle P y^^' which commutes with the bundle gerbe product. 

Definition 2.9. Let (P, F, M) be a bundle gerbe with connection A. Let Fa € 

be the curvature of A considered as a bundle connection on P — > F'^l A curving is a 

2-form rj onY satisfying 5{ri) = Fa- 

A bundle gerbe (P, Y, M) with connection A and curving rj may also be referred 
to as {P,Y, M; A,r]) or {P;A,ri). We may now define the Deligne class associated to 
a bundle gerbe (P, Y, M) with connection, A, and curving, 1]. Given local sections 
Sa '■ Ua ^ Y we may define the local curvings 

Va = s^rj. 

We have already defined the bundles Pa/3. The pull back by (s^, sp) induces connections 
on each of these bundles which may be pulled back to Uai3 using the sections aajs to 
give a collection of 1-forms Aap on double intersections of open sets on M. We call 
these local connections. 
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Proposition 2.4. jSf^ Let {P, Y, M) he a bundle gerbe with connection and curv- 
ing. Let Qajj-y be the Dixmier-Douady class, Aap be the local connections and rja be 
the local curvings. Then {gap^, Aap^rja) defines a class in the sheaf cohomology group 

For {gap-y) Aap^Va) to be a class in H'^{M,V'^) it must satisfy 

913^5 — Qa-iS + gaps — QaPj = 

Ap^ - Ao,y + Aap = dlog{go,p^) 

Va-VP = d^aP 

As in the previous cases there is an isomorphism 

so each bundle gerbe with connection and curving gives rise to an element of H^{M, Z(3) o)- 
Explicitly the Deligne class is given by 

^Og{gaP'r),Aap,r]a) 

where Uap'ys = S(}og{g))ap-y5 though we will often refer to the class {gap-y, Aap,ria) as 
the Deligne class. 

As with the case of bundle 0-gerbes it is necessary to introduce D-trivialisations 
for bundle gerbes with connection and curving. A D-trivialisation of a Deligne class 
[g^A^v) is a cochain {h,B_) which satisfies 

6{h) = g (2.13) 
d\og{h)-6{B) = A (2.14) 
dB = 2 (2.15) 

Geometrically a D-trivialisation of (P; A, 77) is a bundle J with connection B such 
that 6{J; B) = (P; A) as bundle gerbes with connection, where S{J; B) is the bundle 
5(J) with connection induced from B by 6. Furthermore, in order to satisfy ()2.15j) 
the curvature of (J; B) must be equal to the curving r]. We may define D-stable 
isomorphisms in the obvious way and state a bundle gerbe version of Proposition 12.21 

Proposition 2.5. The group of D -stable isomorphism classes of bundle gerbes with 
connection and curving are isomorphic to if^(M, "D^). 

Proof. First we show independence of the choice of sections. There are two different 
types of section involved in the construction of the Deligne class. Suppose the sections 
aap are replaced by dap- We have two choices of section of a principal bundle so they 
differ by functions fap and the corresponding change in transition functions is 

dap-t = QaP^fapfp^fa-l 

The local connections are related by the usual change of connection formula 

AaP = Aap + d log fap 

and the local curvings are unaffected so the overall contribution is the trivial cocycle 

DifaP^O). 



(2.10) 
(2.11) 
(2.12) 
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Now suppose we change the sections Sa to s'^. In general these are not sections of 
a principal bundle so they do not differ by a function. Using the bundle gerbe product 
we have an isomorphism 

Pis'^,s'^) = Pis'^,s^) ® Pisc.,s,) ® Pis,,s'^) (2.16) 

Let aa/3, cr'^i3, 5« and 6j3 be sections of the trivial bundles P(sc,,s0), P(s'^,s'ij), P{s'^,sc) and 
P(s'fj,si3) respectively. We have two sections, cr^^ and SaCaisSp^ of isomorphic bundles so 
they differ by functions h^is. When comparing the transition functions defined using 
aa/3 or cr^^ the S sections all cancel out and we have essentially the previous case. 
Equation ()2.1(jj) also leads to an equation involving local connections, 

A'^^ = K + A^p - kp (2.17) 

where is defined by pulling back the bundle gerbe connection to P(s'^,sa) aiid then 
pulling this connection back to Ua using the section 5a- Consider what happens to the 
local curvings. Since rj satisfies 5{rj) = F then s'^*ri — Sa*ri is equal to the curvature of 
P{sM which is dka, so 

r}'a = ria + dka (2.18) 

so we have added a trivial cocycle -D(l, ka). Hence the Deligne class is independent of 
all choices of sections. 

The homomorphism property is a straightforward consequence of the definition of 
the tensor product of bundle gerbes and the Deligne class so we omit details. 

The result that a bundle gerbe is trivial if and only if it has a trivial Cech class 
has been discussed in detail elsewhere (|nE],|ll])- Essentially it comes down to the fact 
that for a trivial bundle gerbe the sections a^p are of the form 5* ® dp. The inclusion 
of connections and curvings does not add any significant complications. 

Finally we need to describe a bundle gerbe which is classified by a particular Deligne 
class {gap-y, Aai3, rja)- Let Y = UaUa, the disjoint product of all of the elements of the 
open cover of M. Let P y'^^ be the trivial bundle. An element of F '^1 is of the form 
{rria, mp) where m G Uap and iria is m considered as an element of f/^ G The define 
the bundle gerbe product by 

(m„, m^, zi) ■ {mp, m^, Z2) = {rria, m^, ziZ2gaf3-y) (2.19) 

where Zi, Z2 € U{1). Since P is trivial then we can define the connection as a 1-form 
on At {ma,rnp) E F'^' the connection 1-form is given by Aap at m. Define the 
curving on Ua EY by rja- 

□ 



We have only considered bundle gerbes with connection and curving. It is easily seen 
that bundle gerbes with a choice of connection but no choice of curving are classified 
by H^{M,Z{2)d) = H^{M,V^). It is a standard result (see 0) that HP{M,Z{q)D) = 
HP{M, Z(l)/)) whenever p > q, thus the stable isomorphism class of bundle gerbe with 
connection is invariant under a change of connection. 

As in the previous cases the exact sequence ()2.H|1 

^ H^M, U{1)) A H\M, V^) ^ fi2(M)o ^ 
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gives the curvature and flat holonomy. Explicitly the curvature is lu e n^{M) satisfying 

71*00 = dr] 

and is guaranteed to exist since 6{dri) = 0. In terms of local curvings the 3-curvature 
is defined in terms of a collection of local 3-forms Ua = drja which agree on overlaps 
since S{dria) = 0. 

The fiat holonomy is calculated in the following way j2Hj- Suppose u = 0. Then 
drja = so there exist local 1-forms satisfying dB^ = rj^. Furthermore 

Vp-Vc = dA^p = d{Bp - Ba) 

so there exists functions a^is which are defined on double intersections and satisfy 

Aaf3 - Bp + Ba = dlogiaafj). 

It follows that 

and the fiat holonomy is 

We conclude our discussion of fiat bundle gerbes with the observation that the Deligne 
cohomology groups H'^{M,Z{p)d) represent flat bundle gerbes for any p > 2. A class 
in this cohomology group is the same as a class 

with the additional condition that drja = 0, therefore the class represents a flat bundle 
gerbe. 
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Chapter 3 

Examples of Bundle Gerbes 



We define and present the basic properties of a number of examples of bundle gerbes 
which shall be of use to us. 

3.1 Tautological Bundle Gerbes 

The tautological bundle gerbe was introduced in [2Sj as a way to construct a bundle 
gerbe with any given closed, 27r-integral 3-form as its 3-curvature. Our approach will 
be similar to that in 0^ however we use bundle 0-gerbes rather than bundles. 

Let M be a 1-connected manifold with distinguished base point rriQ. Denote by 
VqM the space of paths in M which are based at mo. An element of VqM is a map 
/X : [0, 1] — *• M such that /i(0) = mo. There is a fibration VqM —>■ M defined by the 
projection vr : i— > fi{l). The fibre product VqM^^^ over m & M consists of pairs of 
paths between mo and m. By reversing the orientation of one of the paths this pair 
may be identified with a loop based at mo- Thus we can identify PqM^^"^ with LoM, 
the space of smooth loops in M which are based at mo. There is a technical point that 
needs to be dealt with here. When two paths are joined together the resultant loop 
may not be smooth at the two points where the paths are joined. To overcome this 
problem we follow Caetano and Picken JU] and re-parametrise the paths around these 
points such that there is a sitting instant at each of these points, that is, an interval 
of length e around a point io £ [0, 1] such that the loop is constant in the interval 
(to — e, to + e)- The obvious adjustment is made when to = (or equivalently to = 1). 
The structure above LoM is defined in terms of an integral which is invariant under 
such reparametrisations. 

Let F be a closed, 27r-integral 2-form. Let p : LoM f^(l) be defined by 



where pi, H2 G "PM^^^ and if is a homotopy between pi and fi2- To see that p is 
independent of the choice of E note that if we choose a different surface, S', where the 




(3.1) 



where E is any surface such that 9S = 7. Equivalently we may write 




(3.2) 
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bar indicates that the opposite orientation is induced on the boundary, and let 



then we have 



P(7)/p'(7) = exp( / _ F) 



= 1 



Let /xi, //2, A*3 e TT ^(m) C VqM and let denote the loop identified with (//j, /ij) e 
T^oM^l. Then 



Note that 712 and 723 are connected along /X2 and hence the surface E12 U E23 has 
boundary 713 and the cocycle condition 



is satisfied. Therefore (p, VqM, M) defines a bundle 0-gerbe. Furthermore if we let the 
connection form on VqM be given by 



J I 

where ev is the evaluation map ev : VqM x I ^ M then it may be shown that A 
satisfies 



If M is not connected then we may carry out this construction on each connected 
component. 

Lemma 3.1. The tautological bundle 0-gerbe is independent (up to stable isomorphism) 
of the choice of base point in M. 

Proof. Suppose we have a curvature form F and two choices of base point, rriQ and mi. 
We shall show that the resulting tautological bundle 0-gerbes are stably isomorphic. 
Over M we can form two different path fibrations, VqM and ViM using the two choices 
of base point. Form the corresponding tautological bundle 0-gerbes and take the fibre 
product. 




P(712)P(723) = P(7l3) 




5{A) = dlogp 
dA = 7r*F 



Po pi 



/ 

UM LiM =r Vo Vi 

i 

M 



(3.3) 
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An element of 7r^^(m) C Po X-tt "Pi is a path from mo to mi passing through m. An 
element of LqM LiM is a figure eight with m at the centre with each loop passing 
through either mo or mi. To define a trivialisation of this bundle 0-gerbe we need 
to choose a path q from mo to mi. The trivialisation is then given by the function 
rf) = exp F where E is a surface bounded by q'^-kji'^-krj. Taking 5 oih gives the 
integral of F over a surface with boundary t]^-^ -k fii-kq-kq^^ -k fi2^ *V2- After eliminating 
the q-kq~^ component this is equal to Po^pi, therefore the two bundle 0-gerbes are stably 
isomorphic. Calculation of (i log h at {Xq, Xi) e T{VoM x^ViM) gives /^^ F{ij[, Xi) - 
J^^ F{fiQ, Xq) which is equal to Ai —Aq, the difference of the connections corresponding 
to each choice of base point, so h defines a D-stable morphism. Since the construction 
depends on the choice of q this is not a canonical stable isomorphism. □ 

Example 3.1. Let G be a compact simply connected semisimple Lie group. Let M be 
the loop group LG and let the curvature 2-form be J^i ev* < g~^dg A [g^^dg Ag^^dg] > 
where ev is the evaluation map ev : LG x ^ G, <,> is the Killing form and [, ] 
is the Lie bracket. We may then construct a tautological bundle 0-gerbe. Since G is 
simply connected, discs in G may be thought of as paths of loops based at a constant 
loop and may be recentred as in lemma 13.11 This means that we may consider the 
fibre over 7 to consist of discs bounded by 7. The bundle obtained by the standard 
construction from this tautological bundle 0-gerbe is the central extension of the loop 
group LG LG as described by Mickelsson [32j. 

Now suppose that we have a closed, 27r-integral 3-form, a; on a 2-connected manifold 
M. Let Q[F] (PoM)t^l be the tautological bundle over (VoM)^"^^ with curvature 
F = Jgi ev*uj. Here we have identified (Po^)'^^ with LqM and used the evaluation 
map ev : LqM x 5*^ ^ M . The tautological bundle on LqM may be defined since 
M is 2-connected. To avoid the need for a base point in LqM we shall use a slightly 
different definition of tautological bundle. In fact the tautological construction is more 
natural over a fibre product space, the introduction of a base point when the base is 
not a fibre product compensates for this. This construction of the tautological bundle 
follows the approach of JH] • Over LoM we have the space TPM of 2-surfaces, such that 
the fibre over 7 is a surface with 7 as its boundary. Elements of the fibre product may 
be considered as elements of EM, the space of smooth maps of closed 2-surfaces into 
M (with possible reparametrisation to deal with any problems with smoothness along 
7) and we may define the tautological function in the usual way to give a tautological 
bundle Q[F] LqM. We can now construct a bundle gerbe over M, 

Q[F] 
i 

LqM ^ VqM 

i 

M 

To define the product we observe that for any Y the fibration Po(^'^0 ~^ Y^'^\ 
where the base point lies in the diagonal subset of Y^'^\ admits a product covering 
(2/1, 2/2) X (1/2, 2/3) {yi, Us) which is defined by composition of paths. Strictly speaking 
the composition of paths is not associative, however we do have associativity up to 
reparametrisations which do not affect the overall structure of the bundle gerbe. In 
general this will be the bundle gerbe product for any bundle gerbes which we define in 
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terms of a bundle on the loop space. The connection is given by the connection on the 
tautological bundle, which in this case may be written as 




If the curving is defined by 




then the curvature is uj. 

As with the tautological bundle 0-gerbe, the two tautological bundle gerbes obtained 
by a change of base point are stably isomorphic. The trivialisation over Xtt is 
defined by J(^,^) = Q\F\ 

(/i*(j-i,r;) where /i G VqM, t] G PiM, g is a path from mo to mi 
and Q[F] is the tautological bundle over LiM. Using the product on Q[F] it can be 
shown that 

S{J){f,um,t^2,V2) = Q[^](A.i*g-i,M2*9-i) ® Q[P]im,V2) (3-4) 

Consider the fibre in Q[F] over [fii ^ g~^,/i2 * Q^^)- This consists of surfaces bounded 
by /X2 ^ 5'"^ * 5'*/^! and may be identified with Q[-^](/ii,^t2) over LqM. Thus we see that 
J is a trivialisation. 

We sometimes abbreviate the tautological bundle as Q[F] ^ M and the tautological 
bundle gerbe as Q[uj] =^ M. 

3.2 Trivial Bundle Gerbes 

In the previous chapter we defined what it means for a bundle gerbe to be trivial or 
D-trivial. In this section we examine the properties of these classes of bundle gerbe. 

Lemma 3.2. ( [36ij ) Let {P,Y,M) be a bundle gerbe. Suppose the projection Y ^ M 
admits a global section, s. Then {P,Y,M) is a trivial bundle gerbe. 

The trivialisation is (sovr, 1)'^P. The converse of this proposition is not true. To see 
this, consider the following counterexample. Let F — > M be a projection which admits 
local sections, but has no global section. Let Y^'^'^ x 5^ — > F t^' be the trivial bundle. We 
make (yl^^ x S^,Y,M) into a bundle gerbe with the product {yi,y2,9) x {y2,y3,<P) = 
(yi, ?/3, 6^0). There are sections 

aai3:Ua(s^{sa,Sf,)-\Y^^^xS') 

which are given by 

(^ap{m) = (s„(m),s^(m),l) 
and which clearly satisfy the cocycle identity 

Thus the Dixmier-Douady class is 1 and the bundle gerbe is trivial. 

As a special case of lemma 13.21 we may consider restricting a bundle gerbe over M 
to an open set Ua- This admits a section Sq, and so we may construct a trivialisation 
as described above. 
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We now review the geometric realisation of a trivial Dixmier-Douady class which 
was originally given in jHE] , and described in greater detail in j33] . Let (P, Y, M) be a 
bundle gerbe with Dixmier-Douady class g and let hhe a. trivialisation. Let Ja be the 
bundle on Sa{Ua) C Y defined by 

Ja = (1, Sa O TXY^P. 

Define isomorphisms 0a/3 : Ja ^ Jp by 

4>ap{u) = m{aaph~l ® u) 

where u & Ja- The bundle J obtained by gluing together the Ja using the standard 
clutching construction with the isomorphisms (paiB is a trivialisation of P. 

Conversely, if we are given a trivialisation J then we can recover the trivialisation of 
the Dixmier-Douady class in the following way. Let Ja be defined by s~^J. Since this 
is a bundle over Ua it must be trivial and admits a global section 6a- Since 6{J) = P 
then there exist functions hap : Uap — >■ 5*^ such that 

o-a/3M = (<^a^M ® 5p{m))hap{m). (3.5) 

It may be shown that the haf^ trivialise the Dixmier-Douady class. 

As an example we may calculate the local data for the canonical trivialisation over 
an open set Uq- The trivialisation is defined by J° = F'{so{-K{y)),y) where Sq ■- Uq ^ Y 
is a section. Over any Ua restricted to Uq we can pull back J° by a section Sa to 
get s~^J^ = P(so{m),sa{m))- These have sections 6a = coa- The local data for the 
trivialisation, hais is then defined by 

c^ap = cTq^ ® croishap (3.6) 

so hal3 = g0af3- 

Next we consider the relationship between trivial bundle gerbes and D-trivial bundle 
gerbes. To do this we first consider the relationship between bundle 0-gerbes and bundle 
0-gerbes with connection which is given by the exact sequence 12. 4[ 

^ n\M)/nl{M) ^ H\M,V^) ij2(M,Z) 0. 

The space Q^{M)/Ql{M) may be interpreted as equivalence classes of connections on 
the trivial bundle 0-gerbe. This implies that a trivial bundle gerbe with connection 
A e ^liM) is D-trivial. We can define the D-trivialisation in the following way. Let 
h = TT*p, where 

p{m) = exp( / A) 

where e VqM for some base point mo and /i(l) = m. The 27r-integrality of A ensures 
that p is independent of the choice of path and applying the Deligne differential to the 
class representing p gives the bundle 0-gerbe (1,^). This construction is essentially 
the same as that used for the tautological bundle 0-gerbe and bundle gerbe, so we may 
refer to p as the tautological function. In fact the function defining the tautological 
bundle 0-gerbe is the tautological function. Note that the construction relies on the 
assumption that M is connected. If M is not connected then the construction may be 
repeated for each connected component. 
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Suppose the bundle 0-gerbe with connection {g; A) is /^-trivial. Furthermore sup- 
pose we have a particular choice of trivialisation, h, which is not necessarily a D- 
trivialisation. We would like to see how this trivialisation differs from a D-trivialisation. 
Using the fact that 6{h) = g and applying d\og gives 

d\og{S{h)) = d\og{g) 
S{d\og{h)) = 5iA) 

so there exists a 1-form x such that 

dlog{ha) = Aa-x 

If we had not assumed that {g; A) is D-trivial then x would represent the obstruction 
in Q^{M)/Ql{M) to a trivial bundle 0-gerbe being D-trivial as well. This is true 
since a change in choice of trivialisation changes x by an element of f2g(M) which is 
the 1-curvature of the function defined by the difference between two trivialisations. 
Furthermore 

dx = dAa 
= F 

where F is the bundle 0-gerbe curvature. We shall refer to x ^ Q'^{M)/Ql{M) as the 
D- obstruction form. 

Now we return to the case where {g; A) is D-trivial, hence it is flat and A is locally 
exact. Thus x is closed. If it is also 27r-integral then we may construct the tautological 
function p on M with curvature x- Finally we define a D-trivialisation by the product 
h ■ IT* p. To check that it is indeed a D-trivialisation observe that 

D{ha-p) = (5(/l)a/3,(ilog(/la)) + 

= {5{h)ai3,d\og{ha) + x) 

= {gap, Aa) 

The bundle gerbe case is very similar to that for bundle 0-gerbes and was described 
in I^Hj. Let {g,A.,ri) be the Deligne class of a bundle gerbe with connection and 
curving, (P; A, rj). Suppose we have a trivialisation J which is represented by a Deligne 
cochain h. Since there is an isomorphism between bundle gerbes and bundle gerbes 
with connection we may choose a connection on B such that (J; B) trivialises (P; A), 
however we may not assume that it trivialises (P; A, rj). In terms of cochains this means 
that we have 

g_ = 6{h) (3.7) 
A = d\og{h)-S{B) (3.8) 

but it is not true that rj = dB_. We can, however, deduce from ()3.8|1 that 

?7„ - dBo, = X 

If this D-obstruction form is closed and 27r-integral then we can construct the tauto- 
logical bundle (<5[x]; fi^'^*x) with curvature x and define a D-trivialisation by 

(P; A, T]) = D{{J; B) ® ti-\Q[x]; jev*x))- 
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An extension of /^-obstruction theory which is useful is the situation where we have 
two triviahsations 6{L) and 6{J) of the same bundle gerbe. If they have D-obstruction 
forms xl and xj respectively which satisfy dxi = dxj then D{L) = D{J ® n^^K) 
where K is the tautological bundle with curvature Xl — Xj = d,Bj — dBi which is 
closed and 27r-integral since it is the difference of two curvatures. We now consider the 
situation of a bundle gerbe with two different triviahsations. 

Proposition 3.1. Let {P,Y,M) be a bundle gerbe and let L and J be two trivial- 
isations. Then there exists a bundle {K, M) such that L = J ® tt^^K as bundles over 
Y. 

Proposition 3.2. Let {P,Y, M; A,ri) be a bundle gerbe and let L and J be two D- 
trivialisations. Then there exists a flat bundle {K, M) such that L = J ® n^^K as 
bundles with connection overY. 

This follows from the previous proposition together with the observation that the 
curvatures of L and J must both be equal to rj. 

Proposition 3.3. Suppose S{L) = S{K) and = F^- Furthermore suppose that 
Xk — Xl is closed and 27i -integral. Then there exists a bundle J with curvature Xk — Xl 
such that L = K ® 7i~^J. 

This result shall be useful for studying bundle 2-gerbes in the next chapter. 

Proof. Suppose S{L) = S{K) = P. Then if T is the canonically trivial bundle P* ® P 
then T = S{L) (g) S{K). Since the -D-obstruction of the left hand side is trivial we have 
T = D{L* ^ K ^ 7c~^E) where E has curvature xk — Xl- There exists a flat bundle, 
R such that n^^R = L* ^ K ^ n^^E, so L = K ^ n~^J where tc~^J is the bundle 
TT^^E (g) 7i~^R which has curvature xk — Xl- CH 

There is also a local theory of triviahsations with connection. First consider a 
bundle gerbe that is (5-trivial but not necessarily D-trivial. Given a trivialisation with 
connection ( J; P) define 1-forms ka by 5*Pa where 6a is a section of s~^Ja and P^ 
is the pulled back connection on Ja- Using the definition of hap ()3.5p it immediately 
follows that 

d log haf3 -kp + ka = Aaf3 (3.9) 

In the example of the bundle gerbe over Pq we have ka = Aoa- To be P-trivial there 
is the additional requirement that dka = rja which is satisfied if Pjo = r]. Note that in 
the Uq example we have dka = dA^a = Va — Vo so the P-obstruction is rjo. 

3.3 Lifting Bundle Gerbes 

The lifting bundle gerbe was introduced in [36j as one of the motivating examples of 
the theory of bundle gerbes. Let 

O^P(l) ^G^G^O 
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be a central extension of groups and let Pq ^ M be a principal G bundle. The lifting 
bundle gerbe is defined by the following diagram: 

G 

i 
G 

9 

i 

M 

[21 

The map g : Pq ^ G is defined such that g{pi,P2) is the element of G which satisfies 

[21 

P2 = Pig{pi,P2)- Alternatively Pq may be identified with P x G via (^1,^2) ^ 
{pi, g{pi,P2)) and {p,g) ^ {p,pg) in which case let : Pg x C — > G be the projection 
of the second factor. It is to be understood that G — G is pulled back to a bundle 

[21 ~ 

over Pq by g and the bundle gerbe product is induced from the group product on G. 

Proposition 3.4. ^36] The lifting bundle gerbe associated with a G bundle Pq M 
and a central extension G is trivial if and only if Pq lifts to a G bundle. 

In general a connection A on G ^ G does not define a bundle gerbe connection. 
This is because the corresponding curvature form, g^F^, for the bundle g~^G may not 
satisfy the condition 5{g*FA) on It is shown in jSTj that in general there exists a 
l-form e on Pq such that g*{A) — e is a bundle gerbe connection. 

3.4 Torsion Bundle Gerbes 

If the Dixmier-Douady class of a bundle gerbe is torsion then we refer to it as a torsion 
bundle gerbe. These bundle gerbes naturally arise in applications to physics and there 
are two particular aspects which are of interest: the canonical bundle gerbe of a class 
in if^(M, Zp) and bundle gerbe modules. 
Associated to the short exact sequence 

^ ^ 

is a Bockstein operator (3 : H'^{M, Zp) —>■ H^{M, Z). This indicates that given a class 
w G H^{M,Zp) we may define a bundle gerbe with Dixmier-Douady class P{w). We 
would like to demonstrate that there is a canonical choice of Deligne class arising from 
w. 

The class P{w) must satisfy = so we have a torsion bundle gerbe. Consider 

the exact sequence 

^ H^{M, U{1)) H^{M, V^) fio(M) 
Recall that this may be interpreted as 

fiat holonomy class —>■ bundle gerbe with connection and curving — >• curvature 
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If the bundle gerbe is torsion then since the curvature is the image of the Dixmier- 
Douady class in de Rham cohomology it must be an exact form. The possible D-stable 
isomorphism class of bundle gerbes with a particular choice of curvature are given 
by flat holonomy classes. The map if^(M, Zp) H'^{M,U{1)) allows us to consider 
w as a flat holonomy class. This in turn defines a bundle gerbe with Deligne class 
(w, 0, dB ). The fact that the transition functions are constant and the curvature is 
exact mean that this is a Deligne cocycle. The Dixmier-Douady class of this bundle 
gerbe is WaP'y = — logw/j^ + log Wa-y — log Wais- The class pwa/s-y is trivial in H^{M, Z), 
with trivialisation plogWa/s- The mod p reduction then gives Wa/3 G H^{M,Z), so 
the transition functions are given by l3{w) as desired. Trivially the fiat holonomy 
class of this bundle gerbe is w- A canonical choice of such a bundle gerbe is given 
by setting dB_ = 0. Thus associated with a torsion class w G H'^{M,Zp) we have a 
canonical torsion Deligne class {w,0,0). This construction extends to Deligne classes 
of arbitrary degree. 

An interesting class of examples of torsion bundle gerbe is given by the lifting bundle 
gerbes associated with a central extension 

Zp — > G — > G 

We may use the map H'^{M, Zp) — > H'^{M, U{1)) and the discussion above to see that 
this is a torsion bundle gerbe. A particular example is given by the obstruction to 
lifting a projective unitary bundle to a unitary bundle JT], which is defined in terms 
of the central extension 

Z„ ^ U{n) PU{n) 
Next we define bundle gerbe modules. 

Definition 3.1. "3] Let (P, Y", M) be a bundle gerbe. Let E ^ Y he a. finite rank 
hermitian vector bundle such that there exists a hermitian bundle isomorphism 

: P ® -K^^E = TT^^E 

We require that this isomorphism is compatible with the bundle gerbe product in the 
sense that the maps 

P{yi,y2) ® {P{y2,y3) ® ^yz) ^ P{yi,y2) ® -^2/2 ^ ^yi 

and 

{P(yi.y2) ® P{y2,y3)) ® ^ya ~^ ^(yim) ® ^ys ^ ^yi 

are the same. Call E a bundle gerbe module and say that the bundle gerbe P acts on 
E. 

A rank one bundle gerbe module is a trivialisation. Given a rank r bundle gerbe 
module the product P^' acts on the rank one bundle A'^{E) and hence we have 

Proposition 3.5. 0/ Let {P,Y,M) be a bundle gerbe with Dixmier-Douady class 
dd(P). Suppose (P, Y, M) has a bundle gerbe module E of rank r. Then P is a torsion 
bundle gerbe with rdd(P) = 0. 
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A connection on a bundle gerbe module is called a bundle gerbe module connection 
if the isomorphism is an isomorphism of bundles with connection. 

A bundle gerbe module with connection may also be defined in terms of local 
data. Suppose we have a bundle gerbe represented locally in Deligne cohomology by 
{g,A, /). Let E he a. bundle gerbe module, and define a set of local bundles on M by 
Ea = s~^E. These bundles are trivial with sections Sa- We consider the isomorphism 
P ® Tii^E = 7i2^E at the local level. In terms of sections we may define local matrix 
valued functions h^f^ such that 



'afS 



Sahap (3.10) 



Consider the section aafs ® cr^^ ® associated with P^/? ® -P/37 ® E^. This can be 
simplified in two different ways, 



0"q/3 ® CTpy (S) = O-a-ygafiy ® ^7 
Saha-yga^-y^ 

where 1 is the identity matrix of the same rank as E, or 

(7al3 ® Cr/37 ® ^7 = (Ta/3 ® ^/sh/S-y 



(3.11) 



(3.12) 



and hence we have 



hafjhfj^ — ha-^gafj^l (3.13) 



To get a local expression for the connection let Vp and be the connections on P 
and E respectively. Using the sections (T0/3, 5a and 5p we have two choices of connection 
on bundles P^^ ® E^ and Ep over Ua- These are cr~^Vp + ^"'^V^; and ^^^V^;. The 
isomorphism of bundles is given by the local functions h^p and so, letting ^"^V^; = fca, 
the two choices of connection are related by the usual formula for connections under a 
change of section, 

Aapl + ka = h~^ki3hap + h^^dhap (3.14) 



3.5 Cup Product Bundle Gerbes 

There is a cup product in Deligne cohomology (see |T7] or The correspondence 
between Deligne cohomology and geometric objects implies that the cup product may 
be used to construct new examples of geometric objects which realise Deligne classes 
|H]. We shall demonstrate how to construct bundle gerbes corresponding to various 
cup products. First we consider the bundle obtained by taking the cup product of two 
functions (|S1, JZl) as a bundle 0-gerbe. This helps us to find geometric realisations of 
various bundle gerbes which may be obtained by taking cup products. Let f,g and h 
be ?7(l)-valued functions on M and let L — M be a [/(l)-bundle. We consider the 
cup products f U L, L U f and f U g U h. 

The cup product is induced by a product in the Deligne complex 

U:Z(p)B®Z(g)z)^Z(p + g)B 
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which is defined by 

{X ■ y if deg x = 0, 
X Ady if deg x > and deg y = q, (3.15) 
otherwise. 

It is a standard result that this product is associative and induces a product of Dehgne 
cohomology groups. Furthermore it is anticommutative, that is, for a G H'^{M, 'L{p)jj) 
and (3 e if «'(M, Z(p')d) the cup product satisfies a U (3 = {-ly^' p U a. We shall 
calculate some specific examples and construct corresponding geometric objects. 

The cup product of two functions was described in [T2j and [Sj. We review it in 
detail as it provides the basis for all of our subsequent examples. Let / and g be 
[/(l)-valued functions on M. As we have seen / and g may be represented by the 
Deligne classes log„(/)) e H\M,Z{1)d) and (m^/j, log„(^)) G H\M,Z{1)d) 
respectively, where log^ is a branch of the logarithm function which is defined on 
Ua C M, and the integers and rjiais are defined by the differences log^(/) — 
loga(/) log/3 (fi') ~ loga(fi') respectively. The cup product f U g is the Deligne 
class {na/3mj3^,na/3logi^{g),log^{f)dlog{g)) G H^{M, Z{2)£)). Under the isomorphism 
H'^{M,Z{2)d) = H^{M,V^) this becomes (^f''-'', log„(/)cilog(5()) which represents a 
bundle 0-gerbe with connection which may be described explicitly. 

We construct a bundle 0-gerbe over X and pull it back to M via the map 
{f,g) : M ^ X S^. Let the bundle 0-gerbe over X be defined by the following 
diagram: 

/ 

(R X Z) X (M X Z) ^ R X M 

i 

51 X 

where the projection to the base is given by two copies of the exponential and the map 
Pu is defined by p^{r^ n, s, m) = exp(sra). We have used the identification MP^^ = R x Z 
for the Z-bundle R — > 5*^ as discussed for a general G-bundle in ^3.31 It is easily shown 
that the 1-form rds is a connection for this bundle 0-gerbe. 

Proposition 3.6. The bundle 0-gerbe (/, g)-'^{pu,'^ xR,S^x S^) with connection rds 
has Deligne class {g"-"/^ ,log^{f)dlog{g)) . 

Proof. Define local sections Sq of R x R ^ M by Sa{0,(j)) = (logQ,(6'), logQ,(0)). Then 
{sa,Sfi) = (log„(^),log^(^)-log„(^),log^(0),log^(0)-log„ ((/))) and p(s„, S/j) = exp(log^(0)(log^(e)- 
logQ,(^))). To get the pull back to M we simply replace 9 and with /(m) and g{m) re- 
spectively to get the required transition functions, To complete the proof observe 
that s*(r(is) = logQ,(6')(ilog(0), so under the pull back we get log^{f)dlog{g). □ 

Clearly the bundle 0-gerbe gUf is obtained by replacing pu with p^ : (r, n, s, m) 1— 
exp(rm). By anticommutativaty the product bundle 0-gerbe pu ®Pu should be trivial. 
We may demonstrate this directly by defining ri, r2, Si and S2 such that (r, n, s, m) = 
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(ri, si, r2 — Ti, si, S2 — si) and considering 

{PuPu){r, n,s,m) = exp(sn + rm) 

= exp(si(r2 - ri) + (r2 - n)m) 

= exp(sir2 - Sir I + r2(s2 - Si) - nm) 

= exp(sir2 - siri + r2S2 - r2Si) 

= exp(r2S2 - nsi) 

— 5(exp(rs)) 

There are three ways of obtaining a bundle gerbe via cup products. We shall 
calculate the Dehgne class and provide a geometric construction for each one. 

The Bundle Gerbe / U L 

Let / be a ?7(l)-valued function on M and let L be a bundle 0-gerbe over M. Let 
/ and L have Deligne class (nQ.^, logQ,(/)) G H^{M, Z{1)d) and {mai3-j,log{gai3)) G 
H'^{M,Z{1)d) respectively. Then 771^/3^ = -log(5(/3-j,)+log(5(a^)-log(5fa/3)- The product 
/UL is 

{nai3mf3^s,naplog{gi3j),log^{f)d\og{ga/3)) e H^{M,Z{2)d) 

which, under the usual isomorphism, becomes {g^^'^ ,loga{f)dlog{gap))- We define the 
corresponding bundle gerbe with the following diagram: 



RxZx Lx 

M 

where Ku is the cup product bundle described in the previous section, m : M ^ M is 
the identity map and the puUback to M by (/, m) is implied. Local sections are defined 
by (logo, /, Sa) where is a local section of L. The sections cTq/j are given by sections 
of p~^Ku over (log„ /, na/3, Sa, gap)- Essentially the fibres of p~^Kyj look like R x M x S*^ 
with an equivalence relation (a + n, 6 + m, ^) ~ (a, 6, ze^^) where a, 6 G M, n, m G Z 
and z & S^. In the fibre there are also copies of Z and L but we omit these to simphfy 
the expressions. The projection takes (a, 6, z) to (a, n,l,e^) G R x Z x L x S^. We need 
an expression for the bundle gerbe product. It must satisfy two conditions: it must 
cover a particular product on the base and it must respect the equivalence relation in 
the definition of p~^Kyj. To find the map on the base which must be covered by the 
bundle gerbe product consider it in the form (R x L)P1 in which case the product is 

(ri, r2, /i, h) X (r2, rg, I3) ^ (ri, rg, h, I3) (3.16) 

Under the standard identification with R x Z x L x 5"^ given by (r, n, I, 9) — (r, r+n, 1, 19) 
this becomes 

(ri, rii, /i, Oi) X (r2, ns, h-, ^'2) ^ (n, Ui + na, /i, 6'i6'2) (3.17) 



i 

-S^ X 

R X L 
i 

51 X M 
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so the bundle gerbe product must be of the form 

(ai, bi, zi) X (a2, 62, ^2) = (oi, h + 62, Z1Z2II) (3.18) 

where U is some function n(ai, 61, Zi, 02, &2, -2^2)- 

To determine an expression for H we consider what happens to this product under 
the equivalence relation. First we replace (oi, bi, zi) by (ai + n,bi + m, zie~^^). 

(oi + n, 61 + m, 2;ie~"''i) x (02, 62, Z2) = (oi + n, 61 + 62 + m, ziZ2e''^^''U) 

= (ai, 61 + 62, ^i-22e-"'^e"(^i+''^)n) (3.19) 
= (ai,6i + 62,-2i-22e"''^n) 

so n(ai + n, 61 + m, ^le""^^, 02, 62, ^2) = e~'*''2n(ai, 61, ^1, 02, 62, ^2)- Now we consider 
the second factor, 

(ai, 61, 2;i) X (a2 + n, 62 + m, 2;2e""''2) = (ai, &i + 62 + 0i2;2e""''2n) 

= {aiM + h2,ziZ2e-''''m) 

so n(ai, 61, zi, 02 + n, 62 + "7., Z2e~'^^'^) = e"''2n(ai, 61, Zi, 02, 62, ^2)- 

Let n(ai, 61, ^1, 02, &2, ^2) = e''^^"2~"i^ Under the transformation ai — ai + n we 

have n ^ gf'2(a2-ai-n) _ ne~"''2. Under the transformation (02, ^2) ^ (^2 + n, 62 + "m) 

we have U e^2(a2-ai)gn62gm(a2-ai) = ne"^^ gince m(a2 - Oi) G 

Define sections a^p = (log^ /, log (^q/j, 1). We may now calculate the product (JapcrfSj, 



(Japcrp-r = (loga /> 1) X (log^ /, logg^^, 1) 

= (log, /, log (7,^ + log 6"""'°^^''^) 

= (loga /> log^ai + "^"/37' ^S") (3-21) 
= (loga /,log^a7,^^7'') 
— ^a^ypj 

This gives the required transition functions. 

The local connections log,(/)(ilog((?a/3) ai'e induced by a bundle gerbe connection 
adb at (a, 6, 2;) e R x R x 5*^/ ~, the total space of Ku. 

We may also consider the cup product bundle gerbe f Li L where L is a bundle 
with connection A. The Deligne class of the product is {g^^'^ ,naf3Ap,\og^{f)dA). The 
Dixmier-Douady class is the same as in the previous case however the connection is 
different and we also have a choice of curving. The connection form is n{Ai + db) at 
a point (r, n, I, 9, z) in the total space of p~^K, RxZxLxMx S^. The curving is 
{rdA) on Rx L. It is not difficult to see that these give the appropriate local expressions. 



There is an alternate geometric representation of the bundle gerbe f U L which is 
of interest. Define it with the following diagram: 

I 

RxZxM ^ RxM 

i 

M ^^^^ S'xM 
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where L"" is the bundle with fibre at (r, n, m) equal to the fibre of the n-th tensor 
product bundle of L* at m. Sections of F^^l over Ua/3 are given by (log^ f,na/3,'m), so 
we define the sections cTq,^ by 

cTap = s^;-' (3.22) 
where Sa is a local section of L. Using these to calculate the transition function we get 

—ri-ap —np^ 

" :„ (3-23) 

The connection at (r, n, m) is given by —nA at m, the connection on induced in the 
natural way from that of L, and the curving at (r, m) is rF where F is the curvature 
of L. 

This representation allows for a much simpler calculation of the Deligne class, how- 
ever from the point of view of bundle gerbe theory it is not as general as the previous 
case since it depends on L as a bundle rather than a bundle 0-gerbe. The significance 
of the first method is that the cup product bundle appears in the definition of the 
cup product bundle gerbe. This is related to the bundle gerbe hierarchy which we 
shall consider in the next chapter. We shall find both methods useful in considering 
cup products and bundle 2-gerbes in §4.31 Also it is not obvious how to approach the 
bundle gerbe LU f using the second method. 

The Bundle Gerbe L U / 

The Deligne class for this bundle gerbe with connection is log( (70-/3) c? log /). By 

the commutativity of the cup product this bundle gerbe should be stably isomorphic 
to / U L. We define it by replacing K with the dual bundle obtained by swapping 
the two functions in the cup product. The result is that the equivalence relation on 
R X R X 5*^ becomes (a, 6, z) ~ (a + n, 6 + m, ze^""). The product is still of the form 

(ai, 61, zi) X (02, 62, Z2) = (ai, 61 + &2, Z1Z2II) 

Changing representatives of the equivalence class gives 

(ai +n,bi + m, zie""""^) x (02, 62, ^2) = («! + n, 61 + 62 + m, ziZ2e~'^"'^Ii) 

= {aiM + ziZ2li) 
(ai, 61, zi) X (a2 + n, 62 + m, ^26-"^"^) = (ai, 61 + 62, ziZ2e'"('^^-"^)n) 

= {ai,hi + h2, Z1Z2II) 

since m{ai — 02) G Z. This means we may define a bundle gerbe product by 11 = 1. 
The transition functions may now be calculated, 

0^a/3f^/37 = (loga log^a/3, 1) X (log^ /, log^/37, 1) 
= (loga /, log gap + log ^/37, 1) 

= (loga log - "^a/37> 1) (3-25) 

= (log„/,log(7„7,e'"'^''-^°^'^0 
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The connection is given by the 1-form bda at {a, b, z) & M. x W x S-^ / ~. 

When the hne bundle L has connection A the Dehgne class of the cup product is 
{f"^"'^'' ,\og{gai3)d\og f, Aa Ad\og{f)). The connection is still the same and the curving 
is defined by A A dr. 



The Triple Cup Product Bundle Gerbe 

The triple cup product bundle gerbe is defined hy f U g U h where /, g and h are all 
f/(l) valued functions on M. The Deligne class of this cup product is 

{h''-^'^^-,n^^\ogf,{g)dlogh,\ogM)dloggAd\ogh) e H^{M,Z{3)d) 

where = log^(/) — logQ,(/) and nip^ = \og^{g) — \ogf^{g). This bundle gerbe could 
be represented geometrically by a combination of the cup product bundle and either of 
the cup product bundle gerbes already discussed. There also a simpler representation 
which we discuss here. Define a bundle gerbe by the following diagram: 

T 
i 

i 

M ^^^'^^ S'xS'xS' 
where T is the trivial bundle. We define a bundle gerbe product on T by 

(ri,ni,Si,mi,ti,A;i,2;i) x (r2, n2, S2, m2, ^2, ^^2, ^2) 



(ri, ni + n2, Si,mi + m2, ^1,^1 + k2, z^z^e 



(3.26) 



where for i = 1,2, r^, St, ti G M, rii, rrii, ki E Z and Zi G for i = 1,2. The sections cTq,^ 
may be defined by 

= (log«(/), log« (^) , log„(/l), ^a/?, 1) (3.27) 

Using Uafs + np^ = Ua-y and similar results for m and k we calculate the product aapCFp^, 

(logj/), log ,((?), log J/i), k^„ eios.C^)"^/^-^/^) = a^^h^-^^-^ (3.28) 

giving the required transition functions. Observe that this bundle has been con- 
structed using a similar method to the canonical bundle associated with a Deligne 
class which was described in the proof of proposition 12.51 The connection at the point 
(r, n, s, m, t, k,z) eT is nsdt and the curving at (r, s, t) G is rds A dt. 
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Chapter 4 

Other Geometric Reahsations of 
Deligne Cohomology 



In this chapter we consider the bundle gerbe hierarchy of geometric reahsations of 
Dehgne cohomology. First we review what we have considered so far, then we consider 
the relationship of bundle gerbes with gerbes to clarify this picture of the hierarchy. 
We then extend the hierarchy by considering bundle 2-gerbes. Following this we use Z- 
bundle 0-gerbes to complete our catalogue of realisations and to motivate a comparison 
with the theory of S^S'^-bundles. 

4.1 The Bundle Gerbe Hierarchy 

We summarise the results on geometric realisations of Deligne cohomology with a table: 



Table 4.1: Low Dimensional Realisations of Deligne Cohomology 



Dehgne Cohomology Group Geometric Realisation 
H\M,U(1)) C/(l)-functions 
H^{M,V%p > constant ?7(l)-functions 

H\M, U{1) ) [/(l)-bundles 

f/(l)-bundle 0-gerbes 
ifi(M, t/(l)-bundles with connection 

C/(l)-bundle 0-gerbes with connection 
H\M, VP),p>l flat C/(l)-bundles 

flat f/(l)-bundlc 0-gerbes 
H^{M, U{1)) [/(l)-bundle gerbes 

H'^[M,T>^) [/(l)-bundle gerbes with connection 

H'^{M, D'^) C/(l)-bundle gerbes with connection and curving 

H\M, VP),p>2 flat C/(l)-bundle gerbes 



It is to be understood that the right hand column of the above table refers to equivalence 
classes of geometric object, that is, isomorphism classes in the case of bundles and stable 
isomorphism classes in the case of bundle 0-gerbes and bundle gerbes. 
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Recall that bundle 0-gerbes are defined as functions on y'^l and bundle gerbes are 
defined as bundles over F'^l Since there is an equivalence between bundles and bundle 
0-gerbes we could also think of bundle gerbes as bundle 0-gerbes over yt^l Thus there 
is a hierarchy 

functions 
i 

bundle 0-gerbes 
i 

bundle gerbes 

where each object is built out of the preceding object and a submersion Y — > M . 

Note also the similarity in the definitions of bundle 0-gerbe connections and bundle 
gerbe curvings. In both cases we have a differential form on Y satisfying the condition 
that applying 5 gives the curvature of the object over Y^'^\ 

4.2 Gerbes 

Gerbes are the most well known geometric realisation of H^{M^'L{p)d)- We shall re- 
view some relevant results about gerbes, for a detailed account see |,5^ . It will suffice for 
us to think of a gerbe as a sheaf of groupoids. Isomorphism classes of gerbes are repre- 
sented by classes in if^(M, Z(l)£)). To each bundle gerbe there is an associated gerbe 
and equivalence classes of gerbes are in bijective correspondence with stable isomor- 
phism classes of bundle gerbes jHH] • It is possible to define certain differential geometric 
structures on gerbes which are called a connective structure and a choice of curving. 
Under the bijective correspondence these are equivalent to a connection and curving on 
a bundle gerbe. Gerbes with connective structure are classified by H^{M,Z{2)jj) and 
gerbes with connective structure and a choice of curving are classified by H^{M, Z(3) u)- 

We wish to demonstrate that gerbes are to bundle gerbes what bundles are to 
bundle 0-gerbes and thus remove the ambiguity in our bundle gerbe hierarchy. We 
briefly review the construction of a gerbe from a bundle gerbe in [2H1- Since a gerbe 
is a sheaf of groupoids we need to define a category over each open set. The objects 
corresponding to U G M are bundle gerbe trivialisations over U. The morphisms are 
morphisms of bundle gerbe trivialisations over Yu = n~^{U). A gerbe is a bundle of 
groupoids in the sense that over each m we have the fibre of a bundle gerbe which is 
a groupoid with objects defined by trivialisations. 

Consider a bundle 0-gerbe {g,Y,M). Over U d M there exists a trivialisation 
h : Ti~'^{U) S^. Given , a second trivialisation over U, there exists a function 
qu : U ^ such that h' = h ■ 7i*qu. We may define a bundle with trivialisations over 
U given by cru{x) = {x, h{su{x)). The transition functions will be identical to those of 
the original bundle 0-gerbes. If we replace h with h' it is clearly seen that on overlaps 
lu^lv = 1 and so we have a function q : M ^ which defines an automorphism 
of bundles. The fibre of the bundle may be considered as made up of bundle 0-gerbe 
trivialisations with any two differing by q{m) G S^. 

This analysis suggests a refinement of the bundle gerbe hierarchy described above. 
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functions 

/ \ 
bundle 0-gerbes bundles 

i I 
bundle gerbes gerbes 

There is no simple diagrammatic representation of gerbes such as we have for bundle 
gerbes. 



4.3 Bundle 2-Gerbes 

We would like to construct a geometric realisation of H^{M,V^). This leads to the 
notion of a bundle 2-gerbe which has been developed in [Hj . We use a slightly different 
approach which is more suited to the bundle gerbe hierarchy. We shall require bundle 
2-gerbes for some applications in Chapter 8. 

First we must deal with a matter of notation. Consider the fibre product spaces 
and X^^^ associated with a submersion X M. We may define three projection maps 
TTj : Xt^l X^'^\i E {1,2,3} by omission of the ith component of X^^l. For example 
7ri(xi, a;2, X3) = (x2,X3). If there is a bundle 0-gerbe or bundle gerbe P over X'^l then 
this may be pulled back by each of these projections. We will use the notation 

P23 = 7^1'p 



Using this notation the bundle gerbe product can be written as a stable morphism of 
bundle 0-gerbes 

P12 ® P23 = Pi3- (4.1) 

This notation extends to projections X'^+^'^l X^^^ for any positive integer p. 

We now examine what happens if we replace the bundle 0-gerbes in 1)4.11) by bundle 
gerbes. A choice of such a stable isomorphism is equivalent to a choice of bundle gerbe 
trivialisation such that there is a bundle gerbe isomorphism 

Pl2®P23 = Pl3® 5(^123) (4.2) 

The collection of trivialisations J123 will be referred to as the bundle 2-gerbe product, 
J. Observe that over 

P12 ® P23 ® P34 = Pl4 ® 5(^123) ® 5(Ji34) = Pl4 ® 6{Ji24) ® 5(^234)- (4.3) 

We would like to write 5(Ji23) ® ^(</i34) = ^iJua ® J134) but this is not true since 
the symbol ® represents the bundle 0-gerbe product which is a contracted tensor 
product of bundle 0-gerbes which have the same base space. Instead, given bundle 
0-gerbes (L, X) and (J, Y), with projections X -—>■ M and y — > M we define a product 
(L ®5 J, X Xm Y) as the bundle 0-gerbe with fibre over {x,y) given by ® Jy It 
is easy to show that given trivial bundle gerbes (5(L),X, M) and {6{J),Y, M) there 
is an isomorphism 6{L) ® 6{J) = 6{L ®5 J). We shall refer to this product as the 
trivialisation product. 
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We can now express ()4.3|1 in terms of trivialisation products as 

Pl2 ® i^23 ® ^4 = PlA ® 5{Ji23 ®5 J134) = Pl4 ® <5(^124 ®5 ^234)- (4.4) 

Since we have two trivialisations of the same bundle gerbe there exists a bundle 0-gerbe 
^1234 on Xl^l, called the associator bundle 0-gerbe, satisfying 

7r""^Ai234 ® (^123 ®5 ^m) = (^124 ®5 ^234) 

There is a technical point to be dealt with here. Up to this point we have not needed to 
know anything about the base spaces for the trivialisations when considered as bundle 
0-gerbes. For the formula above to make sense we need the bundle 0-gerbes on both 
sides to have the same base. There is no reason for this to be true in general, however 
since we are really only interested in v4i234 on we can get around this problem easily. 
We just take the fibre product over XW of the base spaces from each side and assume 
that we are actually dealing with the pullbacks to this product by the appropriate 
projection maps. The resultant bundle 0-gerbes still define trivialisations and A1234 is 
well defined. Throughout the rest of our definition of bundle 2-gerbes we shall assume 
this construction is used and will not specify base spaces for trivialisations. 

Now suppose that there is a trivialisation 01234 of A1234 which we call the associator 
function. Recall that if v4i234 is a bundle 0-gerbe over X^^\ 

9 

/ 

^1234 ^1234 
i 

then ai234 is a function A1234 — > satisfying 5(01234) = Q- Furthermore we require that 
ai234 satisfies a coherency condition over X'^l Consider the series of bundle 0-gerbe 
isomorphisms given by each of the embeddings XW X'^1 



7r"^Al234 ® iJl23 ®S Jiu) = {Jl24 ®5 -^234) (4.5) 

Vr"^v4i235 ® (J123 ®5 -^135) = (^125 ®<5 ^235) (4.6) 

Vr"Ml245 ® (-^124 ®5 ^145) = (-^125 ®5 -^245) (4.7) 

vr"^/li345 (g) (J134 ®s J1A5) = {J135 ®5 ^345) (4.8) 

71"~^^2345 ® (-^234 ®<5 ^245) = (-^235 ®5 ^345) (4.9) 

Consider the trivialisation product of ()4.fi|l and ()4.8j) 



(tT ^Ai235 ® (^123 ®5 ^135)) ®5 (tT ^^1345 (g) (J124 ®5 ^Ms))- 

This is isomorphic to (J125 (8<5 -^235) ®s {J135 ®5 -^345) 

-^125 ®<5 -^235 ®5 Jl35 ®5 J^A^ 

and using ()4.9j] this is isomorphic to 

-^125 ®& JlSb ®5 (7r"^A2345 ® (^234 ®5 J245)) 
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If we continue this process using the remaining isomorphisms ()4.5|) and ()4.7|) we end 
up with 

7r"M2345 ®<5 7r"^Ai245 ®5 7r"Mi234 ®5 (^123 ®<5 ^135) ®<5 (^134 ®5 ^Us)- 

Using the triviahsations of the associator bundle 0-gerbes this imphes that there exists 
a function, /12345, on X^^^ such that 

ai234 ® ai245 ® ^2345 = ^1235 ® ^1345 ® 7r"Vl2345 

We call /12345 the coherency function. 

We now return to our definition of a higher bundle gerbe. Consideration of the bundle 
gerbe hierarchy leads to the following 

Definition 4.1. jUj Let X — > M be a submersion. Let (P, Y, Xt^l) be a bundle gerbe. 
Then the quadruple {P,Y, X, M) is a bundle 2-gerbe if there is a bundle gerbe stable 
isomorphism 

such that the corresponding associator bundle 0-gerbe is trivial, and the coherency 
function is identically 1. These last two conditions are called the associator trivialisa- 
tion and the coherency condition respectively. The stable isomorphism together with 
the associator trivialisation and the coherency condition is called the bundle 2-gerbe 
product. 

This definition corresponds to Stevenson's definition of a stable bundle 2-gerbe 
The bundle 2-gerbe (P, Y, X, M) may be represented diagrammatically in the following 
way: 

P 

i 

i 

^ X 
i 

M 

We may define pullbacks, products, duals, morphisms and trivial bundle 2-gerbes by 
analogy with the definitions for bundle 0-gerbes and bundle gerbes. 

By following the lower dimensional cases we may define connections and curvings by 
choosing a bundle gerbe connection and curving on (P, Y, and a 3-form z/ e Q'^X) 
such that 5(z/) = cu where u is the 3-curvature of {P,Y, X^'^^). The 3-form is called 
the 3-curving, the curving on (P,y,X[2]) is called the 2-curving and the connection 
on (P, y, Xt^l) is also referred to as the connection on the bundle 2-gerbe. We shall 
sometimes refer to a bundle 2-gerbe with connection, 2-curving and 3-curving simply 
as a bundle 2-gerbe with curvings. There is essentially no difference between the 
connection and the curvings, a connection could be referred to as a 1-curving however 
we shall continue to use the familiar terminology. The ^-curvature of a bundle 2-gerbe 
is a 4-form e f2^(M) satisfying 7r*0 = dv. A bundle 2-gerbe is flat if the curvature 
is zero. For bundle 2-gerbes with curvings we also require that the bundle 2-gerbe 
product J and the associator trivialisation a are D-trivialisations. 
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Proposition 4.1. Associated to every bundle 2-gerbe with curvings is a class in 
H\M, V^). 

Proof. See im. □ 

All constructions and operations involving bundle gerbes can be carried out for 
bundle 2-gerbes. We describe some which are relevant here (see for more detail). 

If there exists a bundle gerbe R ^ X such that there is a bundle gerbe morphism 
5{R) = P over X'^^ which is compatible with the bundle 2-gerbe product and associator 
function then the bundle 2-gerbe is called trivial. 

The set of D-stable isomorphism classes of bundle 2-gerbes with 2-curving form a 
group under the tensor product, which is defined by analogy with the bundle gerbe 
case. 

A flat bundle 2-gerbe has a fiat holonomy which is a class in H^{M, U{1)). 

A /^-trivial bundle 2-gerbe with curvings has a trivialisation with connection and 
curving such that the curvature 3-form of the trivialisation is equal to the 3-curving of 
the bundle 2-gerbe. 

A trivial bundle 2-gerbe with curvings, (P, Y, X, M; A, rj, u) has a D-obstruction 3- 
form X- If X ^ ^o(^) then for any bundle gerbe [Q, X; B, () which trivialises (P; A, rj) 
there exists a bundle gerbe {R, M; C, /i) such that Q (S> tt^^R is a D-trivialisation of 
{P;A,r],u). 

Example 4.1. j33] There exists a tautological bundle 2-gerbe associated with any closed, 
27r-integral 4-form on a 3-connected base M. This is defined by the following diagram 

Q[uj] 

LqM ^ VoM 
i 

M 

where Q[uj] =^ Lq is the tautological bundle gerbe with curvature 3-form uj = J^^ ev*Q. 
The 3-curving is Jj ev*Q and the product is defined by composition of paths in QqM as 
in the bundle gerbe case. We need M to be 3-connected so that is 2-connected 

and hence the tautological bundle gerbe is well defined. 

Example 4.2. [l^ The bundle 2-gerbe associated with a principal G-bundle Pq — > M, 
where G is a compact, simply connected, simple Lie group, is defined by the following 
diagram: 

Q[u] 
G 

^ Pa 
i 

M 

where g is defined as in the bundle gerbe case (see §3.3|1 and Q ^ G \s the tauto- 
logical bundle gerbe with Dixmier-Douady class given by the canonical generator of 
H^{G, Z) = Z. The main result regarding such bundle 2-gerbes is that the Cech 4-class 
is equal to the first Pontryagin class of the bundle P. 
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Classes in H^{M,T>^) may also be represented by 2-gerbes . We shall not give a 
proper definition of these here since it is quite complicated and is not of direct relevance. 
Full definitions may be found in [2j or 03] . Essentially if we think of a gerbe as a sheaf 
of groupoids then a 2-gerbe is a sheaf of 2-groupoids. These are defined in terms of 
higher categories. A 2-category consists of objects, 1-arrows (morphisms) and 2-arrows 
(transformations between morphisms) with a number of axioms relating to composition, 
associativity and identity. A 2-groupoid is a 2-category with invertible 2-arrows and 

1- arrows which are invertible up to 2-arrows. A 2-gerbe is a sheaf of 2-groupoids with 
a number of gluing and descent axioms. Given a bundle 2-gerbe the objects of the 

2- groupoid associated with an open set are defined by the trivialisations of the bundle 
2-gerbe over the set. The 1-arrows are morphisms between the trivialisations. Since 
trivialisations of bundle 2-gerbes are bundle gerbes over some space their morphisms 
may be thought of as bundle gerbe trivialisations. The 2-arrows are morphisms of these. 
It is a result of Stevenson |||3j that this construction gives a 2-gerbe with the same class 
in H^{M, Z) as the original bundle 2-gerbe. There are differential geometric structures 
on 2-gerbes which may be used to obtain a full Deligne class in H^{M, V^) ;6j. We do 
not have a direct relationship between these and bundle 2-gerbes with connection and 
curvings however we shall see that such a relationship may be established indirectly 
via the Deligne class. 

Bundle 2-gerbes and Deligne Cohomology 

We prove here the main result on bundle 2-gerbes which places them in the bundle 
gerbe hierarchy. 

Proposition 4.2. The group of D- stable isomorphism classes of bundle 2-gerbes with 

2- curving is isomorphic to H^{M,T>^) . 

This extends the results of Stevenson which state that a bundle 2-gerbe with 
connection and curving defines a Deligne class and that a trivial bundle 2-gerbe has a 
trivial Cech class. 

Proof. We shall first describe the element of H^{M, V^) representing a bundle 2-gerbe. 
Suppose we have a bundle 2-gerbe {P,Y, X, M), with connection. A, 2-curving rj and 

3- curving u. On Ua C M define 

z/„ = s* z/. 

Now consider the family of bundle gerbes obtained by pulling back the bundle gerbe 
(P,y,X[2]) with 

Denote these pullback bundle gerbes by {Pa/s, Ya/s, Ua/s)- They have induced connection 
and curving Aa/3 and 77^/3 respectively. Since each base space Uap is contractible, each 
bundle gerbe Pais is trivial. Thus associated with each P^/? is a D-obstruction 2-form 
XajS- Recall that if we choose trivialisations with connections, Lajs — ^ Ya/B and let 
Fl^i^ denote the curvature of the connection on L^/?, then Xai3 is defined by Fl^^ = 
Va/3 — T^*Xai3- Also rccall from ^3.21 that the D-obstruction form satisfies dxap = 
where is the 3-curvature of P^p- The 3-curving v is defined such that 5{u) = u 
and it follows that 
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Consider the isomorphism over Uap-^^ 
Using the triviahsations Lij this becomes 

The D obstruction form for the left hand side is Xa/s + X/37; cind for the right hand 
side is x«7- We have assumed without loss of generality that the D-obstruction form 
of D{Jai3j) is zero rather than a general closed, 27r-integral form. If this were not the 
case then we could redefine it as described in §3.21 Comparing the curvatures of both 
sides we have 

dXaP + dX/S-y = dXa-y = l^y - l^a (4.10) 

Also in terms of the definition of x we have 

Xal3 + XPl - = VaP + VPl " ^Q7 ~ ^L^p ~ ^Lp^ + Fl^^ (4 11) 

Fja/B-y -Fl^/s -^Lfjry "I" Fha-f 

SO this difference is closed and 27r-integral. Hence we may apply proposition 13.31 and 
there exists a bundle 0-gerbe Kap-y with curvature — Xa/3 — Xp-y + Xa-y such that 

Lap ®5 Lp^ = La-y ®S Jap-r ®<5 '^^'^Kap^ (4-12) 

Since K^p^ is a bundle 0-gerbe on Uap'y it is trivial and has a D-obstruction 1-form 
KaP'y which satisfics 

dHaP'y XaP XPj ~^ Xo.'y- 

Using ()4.12|) we get 

Lap ®S Lp^ ®s L-yS = LaS ®5 Jp-yS ®<5 T^^^Kp^s ®S JapS ®5 '^^'^K^ps 
= LaS ®<5 JajS ®5 TT~^KayS ®<5 JaPy ®5 T^^^KaPy 

Furthermore, using the definition of the associator bundle we have 

LaS ®<S Ja-fS ®<5 Jap-y ®<5 '^'^ ^aPyS ®5 '^^^KpyS ®5 71"""^-^a/3<5 = 

LaS ®S Ja-yS ®& JaPy ®5 T^'^Ka^S ®5 T^'^KaPy (4.13) 

Thus over Uapys 

^aPyS 

(g) KpyS ® Kaps = KayS ® Kapy (4.14) 

Let hap-y be the trivialisation of Kapy Using these triviahsations together with Aapys = 
D{aap^s), equation ()4.14|) becomes 

D{aapys) 5{hi3ys) ® S{haps) = S{hays) ® S{hapy) (4.15) 

The D-obstruction of the right hand side is hiayS + i^apy and for the left hand side is 
f^PyS + i^aps- The curvature of each of these is —Xap — Xp-y ~ X-yS + XaS, and by a version 
of proposition 13.31 for bundles there is a function QapyS on Uapys which satisfies 

d\0g{gapys) = —l^aPy + l^apS " l^ayS + I^PyS (4.16) 
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and 

0^013^8 ®5 hj3yS ®5 hai3S = T^* QaP^S ®5 ha-yS ®5 hajS^y (4-17) 

on Aa/3.ys X M Kp^s X M Ka/3s X M K^ys X m K^py as a fibre product of total spaces of tlie 
respective bundle 0-gerbes. Furthermore it may be shown that the coherency condition 
implies that 

g^&t ■ QaPSt ■ dalSyS = Qay&t " da/Bye- (4-18) 

on UajS^Sf 

The Deligne class is given by 

(galSfS, l^alSy, Xal3, J^a) ■ 

In trivialisations h could be replaced by sections since these notions are equivalent for 
bundles. Similarly the D-obstruction form Haf^y could be replaced by the pull back of 
the connection on Kaf^^ by this section. We have used the more general terms above 
to highlight the role of the hierarchy, and because we believe that the language of 
trivialisations and D-obstructions has potential use in dealing with higher objects. 

It appears that the connection form A was not used in this derivation, while it does 
not appear explicitly it is involved. When we trivialise Pa/B information about A is 
carried in the connections on the trivialisations Lq,^. The local one forms k depend on 
both the connection of the bundle gerbe and the connections on the bundles Jus- 

Suppose we have a bundle 2-gerbe (P, Y, X, M; A, i], u) represented by {gafs-yS, f^a/s-y, Xai3, 
To prove that this gives an isomorphism we first show that the Deligne class is inde- 
pendent of all choices in the construction. Suppose we were to replace hapy by ha^y 
These are both trivialisations of the bundle 0-gerbe Kajjy —>■ Ua/By so they differ by a 
function Pa/B-y- Comparing the two versions of equation ()4.17|1 obtained from the two 
choices we have 

dalSyS ®5 a~p^^ ®s rC*Pf3yS ®S rC*Paps = n*gal3'yS ®5 T^^QalyS ®5 T!'*PayS ®<5 T!-*PaPy (4.19) 

and so we have 

gaf3-f5 = gaf3y5S{p)al3yS (4.20) 

Recall that the local connections Ha/By were defined as D-obstruction forms for the 
bundle 0-gerbes Ka^y Changing the choice of trivialisation changes this D-obstruction 
form by the 1-curvature of the function defined by the difference of the two trivialisa- 
tions so we have 

+ dp^py (4.21) 

Together equations ()4.20|) and ()4.21|) change the Deligne class by a trivial cocycle. 

Now suppose that we change L^p to Lq,^. These differ by a bundle with connection 
Tap — ^ Uap- Comparing the two versions of equation ()4.12|) we have 

T^'^Tap ®S = n~^Tay (8)5 Ja(3^ ®5 Tr~^Kaf3^ ®5 J*f3y ®S T^'^Kf3y (4-22) 

so the connection on Kapy changes by Bap + Bp^ — Bay, where Bap is the connection 
on Tap and hence the D-obstruction form napy is changed in the same way, 

^aPy ^aPy + Bap + Bpj — Bay (4.23) 

Under the change from Lap to Lap the D-obstruction forms Xap will change by the 
curvature of Tap-, 

Xap = Xap + dBap (4.24) 
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Together equations ()4.23|1 and ()4.24|1 change the Dehgne class by a trivial cocycle. 

The final choice that we have made is of the sections Sa- For each choice of section 
there is a trivialisation Ra, a bundle gerbe over TT^^{Ua) which is defined by Ra = 
(1, Sa)^^P, where P is considered as a bundle gerbe on yt^l Then tt^^P^/? = R*a® Rp 
and a different choice of section, defines a bundle gerbe on Ua satisfying R^ = 
Ra ® 7r*^Q,. Thus a change of section changes Pa/3 by 

Pa(3 = Pa/3 ® C ® (4-25) 

If C,a has curving fia then the 2-forms fa/3 and hence the D-obstruction forms Xa/3 change 
by fif3 — fJ^a- The local 3-curvings may be thought of as a D-obstruction form for the 
trivialisation Ra so they change by dfia and once again we have a trivial contribution 
to the Deligne class. 

Next we claim that this assignment of a Deligne class to a bundle 2-gerbe is a 
homomorphism. Since the 3-curving of the tensor product of two bundle 2-gerbes is 
the sum of their respective 3-curvings, and the local 3-curvings are defined by pullback, 
then it is clear that the local two curvings will be additive under tensor products. The 
local 2-curvings and connections are both defined as Z)-obstruction forms for a bundle 
gerbe and bundle 0-gerbe respectively. Since Z)-obstructions are additive under tensor 
products in both of these cases then so will the local 2-curvings and connections. The 
transition functions may be thought of in similar terms as a D-obstruction defined in 
terms of two trivialisations of a bundle 0-gerbe and hence the assignment of a Deligne 
class preserves the tensor product of bundle 2-gerbes with curvings. To see that this 
gives a homomorphism between equivalence classes we show that a D-trivial bundle 
2-gerbe has a trivial Deligne class. Let Q — > F be a D-trivialisation of the bundle 2- 
gerbe {Q, X, Y, M). The 3-curvature ojq of Q satisfies ojq = u, where u is the 3-curving 
of P. Using a section Sa '■ Ua ^ Y we pull back Q to a bundle gerbe Qa- This bundle 
gerbe must be trivial so let Qa be the D-obstruction form. This satisfies 

dqa = S^Uq = s> = Ua (4.26) 

If Ra is a trivialisation of Qa then the isomorphism 

Paf3 = Qa®Ql3 (4.27) 

induces an isomorphism 6{La/3) = S{R^) ® ^(-R/j). This means we may define bundles 
Na/3 which satisfy 

La(3 = R*a(S)R(3(S) Na/3 (4.28) 

We may now find an expression for the D-obstruction form for Pa/3 which is defined 
by 7r*Xa/3 = fa/3 — Fi^p- Since Q is a D-trivialisation then from equation ()4.27|1 we 
have fa/3 = fq^, — /q^ where the terms on the right are the curvings induced on Qa 
and Qp from that of Q. Equation ()4.28j] gives an equation for the curvature of La/3, 
^L^p = Fqis — + '^~^PNai3- Since Na/3 is trivial it has a D-obstruction form na/3 
which satisfies dna/3 = Pn^i^- Putting these together we get 

T^*XaP = fQp - f'Qp - Pqp + Pq^ - 7l*dnaf3 

= 7r*q/3 - n*qa - n*dna/3 

and so 

Xa/3 = qf3-qa- dnaf3 (4.30) 
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Next we need a D-obstruction form for K^p^. First observe that we may express 
the bundle 2-gerbe product in terms of Q, using Pap ® Pji-y = Pa-y ® -D( to get 
Qa ®Qfi®Q*fj® Qa = Qa ® Qi ®D{Jaf3-y)- Usiug the triviahsatious Ra we may express 
this as a difference of two triviahsation and define a bundle M^/j^ such that 

Rl® Rf3 Rp0 = Rl0 Ry0 Jaf3y ® vr^^M^^^ (4.31) 

The combination of R terms is actually a D-trivialisation since the sum of the D- 
obstructions cancels so we may assume that M^/j^ is fiat. 
Substituting into equation ()4.12|1 gives 

= N^p ® Nf,^ ® N*^ ® M^p^ (4.32) 

The D-obstruction form is defined by 7r*KQ,^^ = Ak^^^ — dloghap-y- A formula for the 
connection may be obtained from equation ()4.32|1 . 

Ak^,^ = An^^ + Am,.^ - Am^, + Am^,., (4.33) 

where the terms on the right are the connections on the respective bundles. Let C,a(3 be 
a triviahsation of N^p and let eap<^ be a triviahsation of M^p^. Then using ()4.32|) we 
may define two trivialisations and hence define functions pap'y on UaP'-i which satisfy 

— Ca/3C/37Ca7 Pa/37 (4.34) 

Thus we have 

d log haf}^ = d log Caf3 + d log - d log Cay + d log 6^(3^ - 7C*d log pa/Sy (4.35) 

Observe that A^^^ — d\og(ai3 = T^*naj3 by definition. Also, since Mq,/3^ is fiat and is 
defined on a contractible set then we may assume that we have a fiat triviahsation so 
^Ma/sj = dlogea/sy Combining all of this we have 

KalBy = riafS + Ufi^ - U^y + d log Pa/Sy (4.36) 

The final step follows the same pattern however the arguments will be simpler as we 
are dealing with functions. First use (j4.14j) to compare a with ( and e. Substituting 
this expression for a and the expressions ()4.34|1 for the h terms into ()4.17|1 will lead to 
the cancellation of all ( and e terms leaving 

ga^-yS = S{p)aPyS (4.37) 

thus we have a trivial Deligne class 

) = {S{p)al3yS,S{n)af3y + dlogPai3y,S{q)af3 — dnal3,dqa) (4.38) 

and the assignment of a Deligne class to a /^-stable isomorphism class of bundle 2- 
gerbes is a homomorphism. 

To show injectivity of this homomorphism we shall show that the Deligne class of 
a bundle 2-gerbe is trivial only if the bundle 2-gerbe is D-trivial. The corresponding 
result for 5-trivialisations and Cech classes has already been given by Stevenson [Hj . 
This means that if a bundle 2-gerbe is not J-trivial then its Deligne class is not trivial, 
so we may assume without loss of generality that our bundle 2-gerbe is (5-trivial, but 
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not /^-trivial. Furthermore by standard arguments this triviahsation may be given 
connection and curving which are compatible with the triviahsation. In this case there 
exists a Z)-obstruction form ( G f2^(M) which is defined by 7i*( = u — ujq, where u 
is the 3-curving of the bundle 2-gerbe and uq is the curvature of the triviahsation Q. 
By assumption the D-obstruction form is non-trivial, this implies that ( ^ Qq{M). To 
find the Deligne class of this bundle 2-gerbe the arguments above, where the Deligne 
class of a D-trivial bundle 2-gerbe was calculated, still apply with the exception of the 
local 3-curving, which is now given by z/q, = dqa + C- Thus we have 

(fi'a/37'5' l^cfS-y, Xaf3, ^a) = {S{p) a/B-rS, ^ i^) + cilogp„^^, S{q)a,f3 " dUa/S, dqa + C) . , . 

= D(p,n,g) + (1,0,0,0 

Since ( ^ f2g(M) the class (1,0, 0,C) is not Z^-exact, so we have shown that a bundle 
2-gerbe which is not D-trivial cannot have a trivial Deligne class. 

Finally we need to show that there exists a bundle 2-gerbe with connection and 
curvings which is represented by any given Deligne class {ga/S'yS, i^a/s-y, Xai3, ^a)- Define 
this bundle 2-gerbe by 

T* (g)T T 
i I 

I 

i 

M 

where the projection Ilf/jj —>■ ILUij is the identity and T is the fiat /^-trivial bundle. 
This basic structure was suggested by Danny Stevenson. The 3-curving at m G f/j 
is z/j. Clearly s*z/ = Ua- The 2-curving on JlUij is Xij- The local 2-curving is the 
D-obstruction form for Pq,^. In this example Paf3 is simply the restriction of the trivial 
bundle gerbe over UUij to f/^/j. A triviahsation is given by Ta/3. Since F-r^j = the 
D-obstruction form for P^/? is Xa/3- To define the bundle 2-gerbe product we need to 
consider the following trivial bundle gerbe 

T* ® T T 
i i 

I 

The bundle 2-gerbe product is defined by a D-trivialisation of this bundle gerbe, Jijk- 
We define this to be the trivial bundle on ILUijk with connection at m e Uijk given by 

Now we would like to find the local connection 1-forms. It might appear that these 
would have to be trivial since the bundle 2-gerbe connection is, however the product 
also carries information on the local 1-connections. We know from equation ()4.12|1 that 
there is an isomorphism of bundles with connection 

Tap ® = Ta., ® Ja^y ® (4.40) 

where we have used the fact that the projection is just the identity to pull back all of 
these to Ua/s-y- The D-obstruction form for Ka/s-y is now just Ka/s-y- This is because the 
T's have zero connections and fiat trivialisations so their Z)-obstructions are zero. 
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Finally we define the associator function on JlUijki by gijki which satisfies the co- 
herency condition and so we have a bundle 2-gerbe which, by construction, has Deligne 

class {gap-fS-, l^ap^-, Xal3, l^a)- 

□ 

It is sometimes possible, for example when Y X^^l is a fibration, to calculate the 
transition functions of a bundle 2-gerbe by an easier method as described by Stevenson 
[IH] . We shall give a brief outline of this method. It applies when the trivial bundle 
gerbes (Pq,/?, Y^jB, Uap) admit a section : Yap- Recall that unlike bundles, 

trivial bundle gerbes do not necessarily admit a section (see comments after lemma 
I3.2|) . If they do then we have a map a^p-^ : Uap-y — > ^J^'^ given by (cTq^, ap^ o aap) where 

o is the map Yg^ x Y^p —>■ Y^^ which is implicitly defined by the bundle 2-gerbe 
product. Use Oapy to pull back the bundle P — > to Pa/37 ^ Uapy These bundles 
play the role of Kap-y in the general method. We now continue as in the general case 
by choosing sections h^py (which are equivalent to trivialisations for bundles) of Pa/37 
which then satisfy equation ()4.17p (with notation adjusted for sections), 

O-aPyshp^shapS = gaPyshayshap-y 

With the presence of sections rather than trivialisations the D-obstruction forms used 
to define the full Deligne class may be replaced by the pullbacks of the relevant con- 
nections and curvings by the sections. 

We conclude our discussion of bundle 2-gerbes with two constructions involving the 
cup product in Deligne cohomology which provide concrete examples and demonstrate 
the usefulness of the geometric picture of Deligne cohomology which bundle gerbes 
provide. 

The Cup Product of Two Bundles 

Let L and J be two bundles over M. Then there is a bundle 2-gerbe defined by the cup 
product LUJ. If L and J both have connections then LUJ has a 2-curving. In this case 
the Deligne class is {h^ ^'^'^ jTUapyB^, \og{gap)FB, A Pg), where the Deligne classes of 
L and J are {g^p, A^) and (/i„/3, B^) respectively, m^p^ = log (^f^^) - log (5(^3^) - log (5(^/3) 
is the Chern class of L and Pb is the curvature of J. We define the bundle 2-gerbe 
L U J by the following diagram: 

gUJ 

I 

/ 

{L X S^) {J X S^) =^ Lx^J 

i 

M 

where the map ((?, vtj) is defined by {g,TTj){l,9,j,(j)) = {9,TTj{j)). The fibre product 
bundle L x^ J with structure group 5*^ x is often written as L © J. We take the 
bundle gerbe product to be the trivial and the associator function to be identically 1. 
The bundle gerbes Pap are given hj g U J over {gap.m). We may define sections of 



49 



these bundle gerbes and so use the simpler method for calculating the Deligne class. 
Recall that we may write U J as 

i 

MxZxM ^ RxM 
i 

xM 

Define sections cTq^j by 

(7a/3 = (log(^a/3),m) (4.41) 

The section a-Q/j-y : Uapj ^ (R x Z x M)^^ is then given by 



Sections ha^-y of the bundle Pafs-y are t^"'^'' where is a local section of J. We can now 
calculate the transition functions 



If the connection is —nB on J^" then the local connection forms given by the puUback 
by h are nia/s-yB^ as required. If the 2-curving is f — tFb on R x M then cr*^/ = 
\og{gap)FB, and the 3-curving is given by AA-B on Lx^J. 

The general structure of this bundle 2-gerbe demonstrates a hierarchy principle for 
cup product structures. Recall that the cup product / U L may be constructed in a 
similar way in terms of the cup product bundle, so contained within this cup product 
bundle 2-gerbe is a cup product bundle gerbe and within that a cup product bundle. 

A second point to note is that this bundle 2-gerbe to some extent resembles the 
associated bundle gerbe for a G-bundlc. In this case the G-bundle would be the 5"^ x 5"^ 
bundle L© J. The 4-curvature of this bundle 2-gerbe is given in terms of the curvatures 
of the two bundles, F^AFj. This is the image in real cohomology of the first Pontryagin 
class of L ® J, which also be the case with a bundle 2-gerbe associated to a G-bundle. 
Since this structure group is not simply connected such an associated bundle is not 
actually defined, the obstruction being the fact that the tautological bundle gerbe on 
5*^ X 5*^ is not well defined. In this particular case we are able to build a similar bundle 
2-gerbe by replacing the tautological bundle with the cup product bundle. 



The Cup Product of a Function and a Bundle Gerbe 

Let / be a [/(l)-function and let {P,Y,M) be a bundle gerbe with connection A, 
curving r] and 3-curvature cu. The cup product f U P has Deligne class 
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The second realisation of / U L in §3.51 suggests that this bundle 2-gerbe should be 
realised geometrically with the following diagram: 



i 

xZxM =^ RxM 
i 

M S'xM 



where the fibre over (r, n, m) G M x Z x M is the ?7,-fold tensor product of P with 
the trivial bundle 2-gerbe product and associator function. The 3-curving is ru, the 
2-curving —nr] and connection —nA. Pulling back by the section (\og^{ f),nai3,m) we 
have a bundle gerbe P~^°'0 over Uap- In this case the local constructions may once 
again be simplified however this time the construction is slightly different. 

There exist trivialisations J a of Pq. over [/q,, so over Uij we have trivialisations J^"'^ 
of P~"«/3. On double overlaps Jj3 = Ja® 7i~^La/3, for some bundle La/3 Ua/3, so on 
triple overlaps the local bundles are obtained by comparing Jg ""'^ "''^ and J^, ""^ , 



J y 



^1 



TX 

it' 



J y 



J y 



^1 



(4.44) 



Each LafB has a section lap over Ua(3, this allows us to find a section Z^^''. Moreover the 
sections lai^ are the sections which determine the Dixmier-Douady class of P, so they 
satisfy = la-yQap-y- Using this it is possible to calculate 5{lp"'^)ai3'y5 over Ua/s^ys- 

This gives the correct transition functions and the local connections and curvings may 
also be obtained without difficulty and agree with what is expected. 



4.4 Z-Bundle 0-Gerbes 



Consider once again the bundle gerbe hierarchy as given in table l4.ll A general method 
for constructing geometric realisations may be approached in the following way. Begin 
with some geometric representation, R, of a Deligne cohomology group H^. Build 
representations of higher dimensional Deligne cohomology in the following way 
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HP : R 



HP+^ : R 
i 

i 

M 



HP+^ : R 
i 

i 

i 

M 

The examples which we have aheady dealt with are where R is either a function or a 
bundle. Furthermore we have shown that when we start with a function the next object 
in the hierarchy is a bundle 0-gerbe which is equivalent to a bundle. Continuing this 
method gives the basic structure of bundle gerbes and bundle 2-gerbes. Attempts to 
generalise to higher degree meet difficulties due to the increasingly complicated nature 
of product structures and related associativity conditions. In this section we wish to 
address the question of whether there is a starting point in the hierarchy below U{1) 
functions. This leads to consideration of Z-bundle 0-gerbes. 

Since t/(l)-functions represent if^(M, Z(l)£)) then the only lower object in the 
hierarchy would be a representative of H^{M,Z{0)d), that is, the set of Z valued 
functions on M. Using these as a basis for a hierarchy we get a new family of objects, 
Z-bundle n-gerbes. A Z-bundle 0-gerbe is defined as a bundle 0-gerbe (A, Y, M) where 
the function A takes values in Z. 

Proposition 4.3. The group of stable isomorphism classes of Z-bundle 0-gerbes is 
isomorphic to H^{M,Z{0)d)- 

Proof. The arguments of Proposition 12. II still apply in this case giving an isomorphism 
with H^{M, Z). Furthermore H^{M, Z) = H\M, Z(O)d) since Z{0)d = Z. □ 

We wish to find an analogy with the equivalence of bundle 0-gerbes and bundles 
and of bundle gerbes and gerbes. This leads us to consider the Deligne cohomology 
group H^{M, Z{l)]j) and the isomorphisms 

H\M, Z{1)d) = H\M, Z(l) ^ M) = i7°(M, [/(!)). 

To relate Z-bundle 0-gerbes to our usual geometric representation of degree 1 Deligne 
cohomology, f/(l)-functions, we shall require some extra structure. 
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Definition 4.2. Let (A, Y, M) be a Z-bundle 0-gerbe. A Z-curving on (A, Y, M) is a 
map / : y — > M which satisfies 5{f) = A. 

Proposition 4.4. For eac/i Z-bundle 0-gerbe there exists a Z-curving which is unique 
up to the pull back of a globally defined ^.-valued function on the base. 

Proof. Let (A, Y, M) be a Z-bundle 0-gerbe. Choose an open cover {Ua} of M. Let 
fa : vr~^(f/Q,) — > Z be the family of functions defined by 

Let {(pa} be a partition of unity on M and let / : F — M be defined by 

/(y) = $^0.Wi/))/.(2/) 

Let (1/1,1/2) e F^^] with 7r(i/i) = 7r(?/2) = "m- Then 

S{f){yuy2) = /(1/2) - /(i/i) 

= X][0a(vr(?/2))/a(l/2) - 0a(vr(?/l))/a(?/l)] 

= ^0a(m)[A(sa(m),?/2) - A(saM,2/i)] 

a 
a 

= Hyuy2) 

Thus we see that / is a Z-curving for (A, Y, M). 

Suppose there exists another Z-curving, g. Then 6{f — g) = so f — g descends to 
a function on M. □ 

The correspondence between [/(l)-bundle 0-gerbes and [/(l)-bundles also applies 
with U{1) replaced by Z, so we may replace stable isomorphism classes of bundle 
0-gerbes with isomorphism classes of Z-bundles. 



4.5 B^S'i-Bundles 

The correspondence between iJ^S^-bundles and Deligne cohomology was established by 
Gajer [22] • This was proven abstractly using sheaf theoretical arguments and also given 
in terms of explicit classifying maps using the bar resolution to obtain a realisation 
of the classifying spaces. We shall show that this correspondence is suggested by 
consideration of the classifying theory of bundles together with our discussion of Z- 
bundle 0-gerbes and the bundle gerbe hierarchy. 

We recall some well known results on the classification of bundles (see, for example, 
|2n! or dni). Let Pg M be a principal G-bundle. There exists a G-bundle EG BG 
such that Pq = ip^^EG where ip, called the classifying map, is unique up to homotopy. 
The space BG is called the universal classifying space and EG BG is called the 
universal G-bundle. The classifying bundle is a G bundle with a contractible total 
space which is unique up to homotopy equivalence. 
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The results of the previous section may be interpreted in terms of classifying theory. 
Since M — >■ 5*^ defines a Z bundle and M is contractible then = S^. The equivalence 
between Z bundles and homotopy classes of valued functions corresponds to the 
classifying theory of Z bundles. Given a Z-bundle 0-gerbe with Z-curving (A, Y, M; f) 
we define an S'^-function by f{m) = expf{y), where y G 7r^^(m). This is independent 
of the choice of y since for y, y' e 7r~^(m) 

(exp/(|/))(exp/(y'))~' = exp(/(7/) - /(y')) 

= exp(A(y',?/)) 
= 1 

since A(?/', y) G Z. The existence of a Z-curving up to a global M-function is equivalent 
to the existence of a classifying map up to homotopy. 

We now have the following equivalences of geometric realisations of Deligne coho- 
mology: 

Z-bundle 0-gerbes < — > i?Z-functions 
bundle 0-gerbes < — > iJS'^-functions 

where the left hand side consists of stable isomorphism classes and the right hand side 
are homotopy classes of maps. The case of higher dimensional objects is dealt with by 
the following 

Proposition 4.5. The group Hp{M, Z) is isomorphic to the group of isomorphism 
classes of smooth principal B^^'^S^ -bundles over M. 

Smoothness of classifying spaces is defined in terms of a differentiable space struc- 
ture. For more details see P2] or jHEl- In general the iterated classifying spaces B^'G 
are only defined if G is Abelian. When this is the case each of the spaces B^G is 
also an Abelian group. Consider this result for low values of p. When p = 2 we have 
the usual correspondence between S^-bundles and H'^{M, Z) given by the Chern class. 
When p = 3 we have H^{M,7j) and 5S'^-bundles. Our usual geometric realisation of 
H^{M, Z) is stable isomorphism classes of bundle gerbes so the following result is not 
surprising, 

Proposition 4.6. iS8^ The set of all stable isomorphism classes of bundle gerbes on 
M is in bijective correspondence with the set of all isomorphism classes of BS^ bundles 
on M. 

Since BS^ is an Abelian group we could replace -BS'^-bundles with i?S'^-bundle 0- 
gerbes. The bundle gerbe corresponding to a BS^ bundle which is referred to in the 
proposition is the lifting bundle gerbe 

ES^ 
i 

BS^ 

Pbs^ 
i 

M 
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Given a principal 55* -bundle on M it is possible to construct a classifying map M 
BBS^ . This implies that BBS^ is a classifying space for bundle gerbes |2Bi- This gives 
a series of equivalent realisations 

bundle gerbes < — > -BS^-bundles < — > 5 ^-functions 

Note the similarity with the bundle gerbe hierarchy. 

Now consider the case p = 4. Since there is an isomorphism between if^(M, Z) 
and the stable isomorphism class of bundle 2-gerbes on M then proposition 14. 51 implies 
that there is an isomorphism between stable isomorphism classes of bundle 2-gerbe and 
isomorphism classes of BBS^ bundles. The cases which we have already considered 
suggest that the bundle 2-gerbe corresponding to a BBS^ bundle {P^bs^i ^) should 
be the following bundle 2-gerbe associated to a SiJS'^-bundle: 

ES^ 
i 

BS^ 

EBS^ 
i 

BBS^ 

Pbbs^ 
i 

M 

Since the relevant local data may not be easily calculated then to prove this we would 
need to consider the theory of iterated classifying spaces and the constructions of Gajer 
[22] in much more detail. This leads us away from our principal concerns here and so 
we have not done this. 

Other realisations are obtained by noting that BBS^ bundles are classified by 
BBBS^ functions, and that BS^ bundle gerbes are equivalent to BBS^ bundles , 
so we have the following series of realisations: 

bundle 2-gerbes <-> i^S^-bundle gerbes B^S^ bundles B^S^ functions 

where it is to be understood that we are dealing the appropriate equivalence classes in 
each case, that is, stable isomorphism for bundle gerbes, isomorphism for bundles and 
homotopy equivalence for functions. 

4.6 Comparing the Various Realisations 

We now present a table comparing the various geometric realisations of Deligne coho- 
mology which we have discussed. We include for completeness the differential charac- 
ters of Cheeger and Simons ([El, [3]). Since the relationship between these and bundle 
gerbes is closely related to the theory of holonomy we postpone a definition and further 
discussion until Chapter 7. 



EBS^^^^ 



p[2] 
^ BBS^ 
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H\M,Z{ 
H\M,Z{ 

H^{M, Z{ 
H\M, Z( 

H\M,Z{ 

H%M, Z( 
H\M, Z[ 

H^{M,Z( 

H\M, Z( 
H\M, Z( 



2)d) 

1) 1.) 

2) d) 



Table 4.2: Geometric Realisations of Deligne Cohomology 



3) 



D) 



3) d) 

4) d) 



Z- functions 
constant Z-functions 

Z-bundle 0-gerbes 
Flat Z-bundle 0-gerbes 

Z-bundle gerbes 
Z-bundle gerbes 
with curving 
fiat Z-bundle gerbes 

Z-bundle 2-gerbes 
Z-bundle 2-gerbes 
with 2- curving 
flat Z-bundle 2-gerbes 



H\M,Z{5)d) 



lb -functions 






1 

deg 


1 difterential characters 


constant ^^-functions 










bundle 0-gerbes 


S5'^-functions 


bundles 






bundle 0-gerbes 




bundles 


deg 


2 differential characters 


with connection 




with connection 






flat bundle 0-gerbes 




flat bundles 






bundle gerbes 


S-S^-bundles 


gerbes 






bundle gerbes 


S-S^-bundles 


gerbes 


deg 


3 differential characters 


with curving 


with connection 


with curving 






flat bundle gerbes 


flat 55^-bundles 


flat gerbes 






bundle 2-gerbes 


BBS^-hundles 


2-gerbes 






bundle 2-gerbes 




2-gerbes 


deg 


4 differential characters 


with 2-curving 




with 2-curving 






flat bundle 2-gerbes 




flat 2-gerbes 







Chapter 5 

Holonomy and Transgression 



In this chapter we consider the generahsation of the holonomy of a bundle around 
a loop to bundle gerbes. We show how this relates to local formulae which define a 
transgression map in Deligne cohomology. The key to this generalisation is to consider 
holonomy as a property of a Deligne class. We have already defined the flat holonomy 
of a flat Deligne class. The holonomy of a general class in if^(M, D^) associated with 
a map ip : X ^ M for some closed p-manifold X is defined to be the fiat holonomy 
of the puUback of the class to X. We shall see how this approach relates to the usual 
construction of holonomy for bundles, and then go on to consider holonomy for bundle 
gerbes, bundle 2-gerbes and general Deligne classes. 



5.1 Holonomy of ?7(1)-Bundles 

We review the holonomy of principal f/(l)-bundles with an emphasis on Deligne coho- 
mology which is useful for generalisation to bundle gerbes. 

Recall that fiat bundles and bundle 0-gerbes have a fiat holonomy which is a class in 
H^{M, U{1)). It is useful to review the equations which define the Deligne cohomology 
class in general and in the particular cases of flat and trivial bundles. 

The Deligne class {g,A) satisfies 

d\ogga0 = Ap - Aa (5.1) 

If it is fiat then we can find t/(l)-valued functions satisfying dlogaa = A^ and we have 

= 9lla~o^afi (5.2) 

The functions c^fi are constant and define the fiat holonomy class. If the Deligne class 
has a trivialisation h then 

9a(i = K^hp (5.3) 
d\ogha — Aa = dloghjs — Ai3 (5.4) 

Proposition 5.1. ,'5/ The assignment of a flat holonomy to a flat bundle gives an 
isomorphism H^{M,Vp) = H^{M,U{1)) forp> 1. 
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Proof. Suppose we have a flat bundle represented by a Deligne class {gap, ^a) with 
flat holonomy Cq,/?. We first show that the class in H^{M, U{1)) is independent of the 
choices of aa- Choose a'^ satisfying dloga'^ = A^- Then = Oq, + Ka where are 
[/(l)-valued constants. Thus c^^ = Cq,/3 + b{K)a(i and so d_ and c define the same class 
in i7i(M,f/(l)). 

Clearly the map ((7,^) i— c is a homomorphism. Let rflog/i) represent a 

trivial class in H^{M,T>p). The corresponding flat holonomy is given by S{h)6{a)~^ = 
S{h.a~^). Since dlogh = dloga this represents a trivial class in H^{M, U{1)). 

Given a class c G i/^(M, f/(l)) define a class in H\M, Vp) by (-c, 0). Observe that 
if c is the flat holonomy of {g,A) then the two Deligne classes (— c, 0) and {g,A) differ 
by a trivial class {S{a), dloga). Therefore the map {g,A) i— > c is onto. Also it is clear 
that a trivial class in H^{M, U{1)) leads to a trivial class in H^{M,Vp). Therefore we 
have an isomorphism. □ 

Mostly we shall be interested in the flat holonomy of a bundle over S^. All bundles 
with connection over are flat so they all have a flat holonomy c G H^{S^, U (1)) = S^. 
We shall demonstrate how to calculate this element of 5*^ for a given bundle with 
connection. Let {gap^Aa) represent a flat bundle on 5*^ with flat holonomy Cap. Since 
H^IS^jTj) = there exists a trivialisation 6{h) = g. Using this the flat holonomy 
becomes Cap = ha ■ h^^ ■ aaO^^. By considering \og{ca(j) as a representative of a 
class in the Cech cohomology of S*^ we can use the following diagram to calculate the 
isomorphism with de Rham cohomology: 

Aa - d\og{ha) 
d 

log(a„) - \og{ha) — ^ log(c„/3) 

Thus the 1-form Aa — d\og{ha) of equation ()5.4|1 is the de Rham representative of the 
flat holonomy. It is globally defined on 5*^ and is well defined modulo 27r-integral forms 
since the original Cech class was defined modulo Z(l). To evaluate it as an element, 
H{caf3), of we integrate, 

H{caf3)=exp Aa-d\og{ha). (5.5) 

Since the flat holonomy class is isomorphic to the Deligne class we should be able to 
write ()5.5j) as a function of the Deligne class, H{gap, Aa). To do this we would like 
to separate the two terms in the integral into separate integrals however they are not 
independently defined globally so this is not possible. We shall have to break up the 
integral into a sum of integrals on intervals where d\og{ha) and Aa are defined, to do 
this we use the method used by Gawedski [22] ■ 

At the moment we have a Deligne class in terms of some open cover of S^, denoted 
by subscripts a and {3. Let t be a triangulation of consisting of edges, e, and 
vertices, v such that each edge is contained wholly within Ua for at least one a. Such 
a triangulation is said to be subordinate to the open cover and is guaranteed to exist 
since compactness implies the existence of a Lebesgue number fS^, pl79], we simply 
triangulate the circle such that all edges have length which is less than this number 
and therefore are contained within a set in the open cover. We can express as a 
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sum J2 6 over all e G t, so this should allow us to break up the integral of the global 
1-form Aa — d\og{ha) into a sum over these edges, but we need to choose an open set 
that covers each edge first. For each e let ?7p(e) be an element of the open cover of 
such that e C ?7p(e)- Here p : t — > ^ is an index map from the triangulation to the 
index set for the open cover of M ^ . We can now split up the terms in the integral, 



H{Ca/3) = exp^[/ Ap(e) - / log(/lp(e))] 
e Je 



where we use the convention that ^ represents a sum over all edges and all vertices 

v,e 

bounding each edge such that the sign is reversed for vertices which inherit the opposite 
orientation to the corresponding edge. This means that for each vertex there are two 
terms with opposite sign, one each for each of the edges bounded by that vertex. 
Observe that the following equality follows from ()5.3|) . 

Xl^°S(/i;(e))(^) =Y^O^{9p{e)p{v)){v) - log(/lp(^))(f) (5.6) 

e,v e,v 

Furthermore the second term on the right hand side is equal to zero since each ver- 
tex bounds exactly two edges which give two equal terms with opposite signs in the 
summation. The flat holonomy is now 

H(Caf^) = Y[exp Ap^^yY[9p{v)p{e){v) (5.7) 
e "^"^ e,v 

This construction is independent of the choice of triangulation. Suppose we choose 
another triangulation, t. Since this triangulation must also be subordinate to the 
open cover we may assume without loss of generality that p(e) = p(e). Denote the 
flat holonomy corresponding to t by H, and denote the two components expHg and 
exp Ha- For this calculation is advantageous to expand the sum over the pair e, w as a 
sum over v in the following way, 

Y^Og{gp(^e)p{v)){v) = Y\0g{gp(^e+{v))p{v)){v) -\0g{gp(e-{v))p{v)) (5.8) 
v,e V 

= Y^Og{gp(e+{v))pie'{v))){v) (5.9) 

V 

where e~^{v) (resp. e"(f)) is the edge bounded by v such that it inherits a positive 
(negative) orientation. Now the difference between the terms corresponding to the two 
triangulations is 

Hg-Hg = ^log(^p(e+(„))p(e-(^)))(f) " J]] log(c/p(e+ («)p(e- (t))) ) (^)) 



"'^Gawcdski did not use index maps explicitly though they were implicit in his construction. They 
were used in this context by Brylinski and the terminology appears to be due to Gomi and 
Terashima 
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Since both triangulations are subordinate to the open cover we may consider pairs 
{v, v) which are the unique vertices from each triangulation that he within a particular 
double intersection of open sets. We can replace both summations in the expression 
above by a summation over such pairings. Furthermore given such a pairing we have 
p{e^{v)) = p(e+(-0)) and p(e~(f)) = p(e~ ({))). The difference now becomes 



As with the vertices we can pair the edges (e, e) such that p(e) = p(e) and replace both 
sums with a sum over these pairings to get 



Each difference e — e consists of two components (in terms of vertices), e"*" — and 
e~ — e~ . Using this to split up the integral into two terms we get 



where we have changed to a summation over vertices and used the fact that f — -0 is 
equal to one component each from e~^{v) — e~*"(f ) and e~{v) — e^{v). This term is the 
opposite of Hg — Hg therefore H = H. 

Since the 1-forms ^p(e) —d log /ip(e) are global then the integral defining the holonomy 
must be independent of the choice of index map p. This implies that ()5.7|) should also 
be independent of the choice of p. This may be easily verified. Suppose we have two 



{v,v) 




Now consider the difference 
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such choices, po and pi. Then the difference is given by 



JJexp / C/Iog^po(e)p,(e) 

■ n fi'pi(e)Pi(f)fi'po(e)pi(e) 
v,e 

W 9po (e)pi (e) dpi (e)pi (v) 9 pg (e)po (f ) 
v,e 

n 3poi'")pi(v) 

v,e 
1 

(5.10) 

since for each v there are two identical terms with opposite signs corresponding to the 
two edges which share u as a bounding vertex. Note that the global version is not 
explicitly independent of the choice of trivialisation, h, however we may deduce this 
from the explicit independence of the local version ()5.7|) . It may also be calculated 
directly, this calculation is quite similar to the one described above. 

We have defined an element of associated with every isomorphism class of flat 
bundle over S^. It is given by equation ()5.7j) and is well defined. We would like now to 
show how this relates to the usual concept of the holonomy of a bundle with connection 
around a loop. Let (L, M; A) be a bundle with connection (not necessarily fiat) over 
M. Let 7 be a loop in M, that is, 7 is a smooth map M. Use 7 to pull L back 

to S^. Let H{'~f~^{L; A)) be the fiat holonomy of the pull back bundle. We define this 
to be the holonomy of (L; A) around 7. 

We would like to give an explicit formula for the holonomy. To do these we need 
to examine the Deligne class of a pull back bundle. Once we have this we can apply 
equation ()5.7|) . 

Suppose we have a map N M between compact manifolds. Let {Ua}a£A be a 
good cover on M. The set A is finite since M is compact. There is a cover {V0(q,) = 
<P~^{Ua)}aeA on N called the induced cover. If we have a bundle with connection 
(L; A) on M, then we can calculate the Deligne class of ((^~^L, A^; (f)*A) in terms of the 
induced cover. 

Lemma 5.1. Let {gai3,Aa) be the Deligne class of {L,M]A). Then the Deligne class 
of {(p^^L, N; (j)*A) with respect to the induced cover is {g(f)(a)(t>{i3), A<f>(a)) where 

g^{a)<t>{i3){n) = gap{4>{n)) and 

A<j>(a) = <P*Aa 

Putting this together with ()5.7|) we get 

Proposition 5.2. W^\2'Jl The holonomy of a bundle with Deligne class ((7,^4) around 
a loop 7 is given by 

Hiig,A);^) = JJexp [ 7*A,(e) ■ HgpieMvMv)) (5.11) 



JJexp / Ap^(e) - Apo(e) ■ n^w('=)Pi('')^P<ie)pi 
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Now recall the usual definition of the holonomy of a bundle 



Definition 5.1. Let {L,M) be a bundle with connection A. Any path in M has a 
unique lift through each element of the fibre over the starting point which is horizontal 
with respect to A. In particular each loop 7 has a unique horizontal lift 7 which defines 
an automorphism of the fibre over 7(0). The holonomy of the connection A around 7 
is the element of defined by 7(1) = 7(0) ■ H{'~f). 

Proposition 5.3. 123^ The holonomy of Proposition f3T^ is the same as the holonomy 
of definition \5.1l 

We shall relate these two concepts of holonomy by considering parallel transport. 
Given a path fi G Map(/, M) the horizontal lift ft defines a morphism of fibres -P^(o) 
Pfi{i)- This is called parallel transport. Two paths /i and /i' such that /i(l) = /u'(0) 
may be composed and the horizontal lift of the composition defines a composition of 
parallel transports. If we consider a loop as a composition of a number of paths then 
the holonomy is defined by the composition of the parallel transports along each path. 
By breaking up the loop into components 7([tj,ti+i]) over which P admits sections Sj 
then there is an explicit formula for parallel transport over each component: 



Composition then gives a product of terms which combine to give the local formula 
()5.11|) . This suggests that we have used a rather long and complicated method for 
calculating the holonomy of a bundle, however it turns out that our method is useful 
as it generalises to bundle gerbes and to higher degrees. In addition to this it allowed 
us to demonstrate certain features of the higher theory in a relatively simple setting. 

5.2 Holonomy of Bundle Gerbes 

To define the holonomy of a bundle gerbe we follow the procedure used in the previous 
section. The standard technique for deriving a formula for holonomy of a bundle (as 
described at the end of the previous section) cannot be used here for two main reasons. 
One is that it turns out that a bundle gerbe has a holonomy over a surface rather than 
a loop, so we cannot just choose a direction to integrate around as is the case with a 
loop. Secondly it is not clear what a horizontal lift or parallel transport map would be 
in this situation. This motivates us to define the holonomy of a bundle gerbe by first 
considering the holonomy of a Deligne class corresponding to a bundle gerbe. 
The Deligne class {g,A,ri) of a bundle gerbe satisfies 




(5.12) 



dAajJ 



—Af^y + Aq.^ — A, 



(5.13) 
(5.14) 



If the bundle gerbe is fiat then 



Aaf3 




dB, 



a 



(5.15) 
(5.16) 
(5.17) 
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and Ca/j-y is the flat holonomy class. If the bundle gerbe has trivialisation h then 

ga/3"/ = hf3^h^}^haf3 (5.18) 

dloghap = -Aaf3 + kp-ka (5.19) 
rja — dka = tip — dkj3 (5.20) 

Now consider the particular case of a bundle gerbe over S, a 2-manifold without 
boundary. In this case the bundle gerbe is not only flat, but also trivial. The Cech-de 
Rham isomorphism is given by the following diagram: 

?7q, — dka 



-d 



- log aaf3 - log hap > log 0^0^ 

Thus the globally deflned 2-form rj — dk is the de Rham representative of the flat 
holonomy of the bundle gerbe. Since if^(E, [/(I)) = U{1) we may evaluate this class 
as an element of the circle by integrating over the surface S and taking the exponential. 
Thus in terms of bundle gerbes holonomy is defined in the following way. 

Definition 5.2. jT2] Let (P, Y, M; A, if) be a bundle gerbe with connection and curving 
and let -i/^ : S — i> M be a map of a surface into M. The holonomy of {P, Y, M; A, rf) 
over S is the flat holonomy of 'il)*P. 

To see that this is well deflned consider that when we pull back the bundle gerbe P to 
S using if) the resulting bundle gerbe has an induced curving which we denote t/'*// and 
for dimensional reasons has a trivialisation L. Denote the curvature of this trivialisation 
(given some connection which is compatible with the bundle gerbe connection) by F^. 
The 2-form ip*ri — Fl descends to S and its integral over S deflnes the flat holonomy 
which is an element of if^(S,?7(l)) = U{1). This is independent of the choice of 
trivialisation since a different choice just changes F^ by a closed 2-form which descends 
to S. We shall also see this when we calculate a formula for the holonomy which is 
explicitly independent of this choice. 

Proposition 5.4. The holonomy of a bundle gerbe with Deligne class {g,A,7]) on M 
over a surface : —>■ M is given by the following formula of Gawedski 



H{ig,A,ri);ij) = JJexp / V'*^p(fe) " JJ^^P / ^*^pWp(e) " Yl9p(b)p(e)piv){i'iv)) (5.21 

e,b "^^ v,e,b 



Proof. To evaluate the holonomy in terms of the original Deligne class we shall need 
to triangulate S. This triangulation, t, will consist of vertices, v, edges, e, and faces 
b and is required to be subordinate to the open cover {Ua}aeA- Thus there exists an 
index map p : t —>■ A such that b C ^/p(b), e C ?7p(e) and v C f/p(t,) for all b,e,v G t. The 
integral over S can be broken up into a sum of integrals over b, 

H{cai3-y) = exp y^ljv- dk) 
b -^^ 

= exp J2 Vp{b) + -dkp^b) ^ 
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Applying Stokes' theorem to the second term gives 



\ , Jb ^ Jdb ) 

In the second term we have a sum J^^^. If we break dh into a sum of edges we can 
write this as ^ where the convention is that the sum is over all faces and all edges 

e,6 

bounding each face, and the integral is given the corresponding induced orientation. 

^(ca/37) = exp f ^ y ^p^^b) + XI 

\ h b e,f) ^ / 

= exp / 77p(6) + XI / (^P(&)P(e) + (^l0g(/l^(6)^(e)) - A;p(e)) 

\ 6 ■'b e,b 

= exp X / ^pib) + X / (^p(^)p(e) + / ^os{hp(b)p(e)) 

\ b -'b e,b "'e "'^e / 

= exp X / ^Pib) + X / ^P(&)P(e) + X^°S(/ip(6)p(e)(^^)) 



exp(X / ^P{b) + X / ^PWP(e) + X^°S(fi'p(6)p(e)p(^)(^^)) 
I. Jb , I. J e . . ,1, 



e,6 «,e,b 

- ^Og{hp^e)p{v){v)) + log(/lp(fe)p(„)(i;))) 

= exp X / ^P{b) + J2 ^Pib)Pie) + J2^(^^'<9p{b)p(e)p{v){v)) 
\ b -^b Je ^^g;, 

We have claimed in this calculation that certain terms cancel out. Let /(e) denote a 
term depending only on e, /(e, b) a term depending only on e and b and so on. Then 
we have used the following results: 

X/(e) = (5.22) 

e,b 

J2Hv,e) = (5.23) 

v,e,b 

Y,nv,b) = (5.24) 

v,e,b 

The first two are true because for each edge there are exactly two faces with that edge 
as boundary and they have opposite induced orientations. The third is true since given 
a face and a vertex of that face there arc exactly two edges which bound the face and 
have the vertex as a boundary component. Furthermore the vertex inherits opposite 
orientations from each of these edges. Note that the first two results would no longer 
hold if we triangulate a surface with boundary. We shall deal with this situation in the 
next chapter. 

We now have a formula for the holonomy of a flat bundle gerbe in terms of its 
Deligne class, 

H{g,A,ri) = JJexp / 77^(6) • JJexp / Ap^b)p{e) ■ 9p{b)p{e)p(v){v) (5.25) 

b ''b e,b ^'^ v,e,b 
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As in the previous section this formula may be adapted to define the holonomy of a 
general bundle gerbe with curving, {P,Y, M; A,r]), associated with a smooth map of 
surface into M, ip M. 

This leads us to the required formula 

H{{l,A,r])]ij) = JJexp / i}*r]pip) • JJexp / ^*ylp(,,)p(e) • 5p(6)p(e)p(^)(^(^)) 

6 ''^ e,b "^^ v,e,b 

□ 



5.3 Holonomy of Bundle 2-Gerbes 

For the case of a bundle 2-gerbe we must first establish the notation associated with 
the fiat holonomy and with trivialisations. 

The Deligne class {g, A, r}, u) of a bundle 2-gerbe satisfies the following equations: 

d^OgQafS-yS — ^p-yS — ^a-yS + ^af3S — ^a/S-y (5.26) 
dAafSj = -77/37 + rja-y - TJa^ (5-27) 
dVa/3 = 1^(3 -^a (5-28) 

If we assume that the bundle 2-gerbe is fiat then we have the following set of equations 

z/q, = dqa (5.29) 
VaP = qp- qa + dBap (5.30) 

Aafi^ = — BfS^ + Ba-y — Bag + d log Gap-y (5.31) 

(5.32) 



The constants Cap-ys define the fiat holonomy class. 

If we have a bundle 2-gerbe with trivialisation h then we have the following: 

Qap-yS = h(3jsh~}^ghap^h~^^ (5.33) 

dlogha/Sj = Aap^ - k/3j + k^j - kafj (5.34) 

nap = -dkal3+ jj3- ja (5.35) 

T^a-dja = T^p-djp (5.36) 

If we have a bundle 2-gerbe over a 3-manifold without boundary, X, then it is both 
fiat and trivial. In this case we have a Cech - de Rham isomorphism as described by 
the following diagram: 

T^a - dja 
d 

5 „ 
qa - Ja > 



-kap - B, 



af3 



log aap-y - log hap-y 



log Cafj^S 
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This tells us that the flat holonomy may be realised as an element of 5*^ by the following 
formula 



H{caf3^s) = exp I Ua- dja (5.37) 
This suggests the following 



X 



Definition 5.3. Let (P, M; A, rj, u) be a bundle 2-gerbe with connection and curvings. 
The holonomy of {P, M; A, rj, u) over a closed 3-manifold X with : X ^ M, is the 
flat holonomy of ■0*P. 

Over X the bundle 2-gerbe ijj*P is trivial. We choose a trivialisation with connection 
and curving. The 3-form deflned by the difference between the 3-curving induced by 
the puUback and the 3-curvature of the trivialisation may be integrated over X to 
define the holonomy. 

Once again to find a corresponding formula in terms of the Deligne class we shall 
need a triangulation, t, of X which is subordinate to the open cover used to define 
the Deligne class. This triangulation consists of tetrahedrons, faces, edges and vertices 
which are denoted by w, b, e and v respectively. As usual we choose an index map p 
with respect to the triangulation t and the open cover of M. 

Replacing the integral over X with a sum of integrals over 



= exp ^ / ^p{w) + / -3p{w) 

... J w J dw 



Jp{w) 



exp / -jp(^) = exp ^ - 

w b,w ''^ 

= exp ^ / Vp{w)p{b) + dkp(^^)pip) - jp{b) 



b,w 

exp ^ / r]p(w)p{b) + / l^p{w)p{b) 

I,,., '^b 



b,w 



db 



where ^ ~jp{h) — since each face bounds exactly two tetrahedrons with opposite 



b,w 

orientations. 



V(«))p(6) 



b,w •^^'^ eAw-'" 

= exp ^ / Ap(^)p(6)p(e) - d log hp(^u])p{b)p{e) + kp(w)p{e) " kp{b)p{e) 

= exp ^ / ^p(^)p(6)p(e) - / log hp{yj)p(p)p(^e) 
e,b,w •'^ "^^e 

where ^ ^V(«))/!j(e) ~ ^/!>(6)/!>(e) — since each edge of a particular tetrahedron bounds 

e,b,w 

exactly two faces of that tetrahedron and each edge of a particular face is an edge of 
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exactly two tetrahedrons and in both cases the corresponding orientations are opposite. 
Finally, 



exp ^ / - log /ip(^)p(fe)p(e) = exp - log /ip(^)p(6)p(e) (v) 

e,b,w '^^ v,e,b,w 

= exp log5fp(^)p(fe)p(e)p{„)(t;) - log/ip(^)p(b)p(„)(t;) 

v,e,b,w 

+ log hp(w)p{^e)p(v) {v) - log hp(b)p(e)p{v) {v) 

= exp ^ log5fp(^)p(fe)p(e)p{„)(w) 

v,e,b,w 

where once again we get cancellation of terms due to opposite contributions as we sum 
over missing indices. 

Collecting these results we have 

H{g,A,v,i^) = n^^p / ^pi"") ■ n^^p / ^pMp(b) ■ n ^^p / ^pMp^Pie) 

-'^ b,w g^^^^ Je ^^^^^ 

■ Yl 9p{w)p{b)p{e)p{v){v) 
v,e,b,w 

and the corresponding formula for an embedding of a closed 3-manifold ip : X —>■ M is 

exp / tlj*Up^^) Yl^W / ^*VpMpib) Ylexp ^*v4p(^)p(fe)p(e) 

w -'^ b,w -'^ e,b,w "^'^ 

• n 3p{w)p{b)p{e)p{v){i^{v)) 
v,e,b,w 

(5.39) 

5.4 A General Holonomy Formula 

Using the results from the previous sections we can find a formula for the holonomy of 
a class in if^(M, P^) associated with an embedding of a closed p-manifold X. Since 
we do not necessarily have a geometric realisation of this Deligne class in general, here 
holonomy is not meant in the traditional sense. It is defined purely in terms of the 
Deligne class, specifically it is the flat holonomy class of the pullback Deligne class on 
X, evaluated over X as an element of S^. This formula gives a particular example of 
the even more general transgression formula given by Gomi and Terashima {^^, |25j). 
The key feature of our derivation is that it clearly generalises the geometric notion of 
holonomy as we have defined it in the low degree cases. 

Definition 5.4. Denote a Deligne class on X by {g,A^, . . . ,^). Think of this class 
as the pull back of a class on M. It is fiat and trivial so there exists a cochain 
{h,B\...,BP-^) such that 

9 = m) 

A" = 5{B^) + {-ly-'^dB^-^ (5.40) 
5{AP - dB^-^) = 
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The holonomy of the Deligne class is defined by 

exp [ A^-dB!'-^ (5.41) 



X 



This expression is not satisfactory since it depends exphcitly on B_. To deal with this 
we triangulate X with t : \K\ — > M, where K is a. p-dimensional simplicial complex, 
and let p be an index map for this triangulation. In terms of the triangulation the 
holonomy is 



exp 

Consider the second term: 



p-1 



(5.42) 



E / -^^pK) = E / -Ki^) (5-43) 



In this expression we may express the combination of the sum and the integral in terms 
of flags of simplices: 



E/, =E E 
-E 



(5.44) 

where we have defined a new notation g_. In general this denotes a flag of simplices, 

a" = {((T'?,(T^+\...,aP)|(T^ C ■■■ C (T^} (5.45) 

All subsimplices inherit relative orientations. A similar notation was used in [.25, to 
generalise transgression formulae. 

Returning to the holonomy formula, we now have 



E/ (5-46) 



Now use equation ()5.4()j) . 

^(5*^) =A'- i-lfdB''-^ (5.47) 

to get 

^piaP) ~ ^p{aP-^) ^ ^p{(7P)p{aP-^) p{aP)p{aP-'^) {O.^O) 

Using the fact that each {p — l)-face in the simplicial complex bounds exactly two 
p-faces we have 

E / = (5-49) 



crP- 



since the two terms inherit opposite orientations from a^. Thus 

E / , ^^pK) " E / , ^Jk)pK-1) + (^B^p{aP)p{aP-^) (5-50) 



The next step would be to extract the A^^^ term for the final answer and proceed as 
above to deal with the dB^'"^ term. This suggests an inductive approach with respect 
to k = p — q. 
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Lemma 5.2. For every q such that I < q < p 

Yl / ^^pK)-p(<^«) " 5Z / , ''^^^pK)...p(,79-i) - c?^p(J),..p(^,-i) (5-51) 

where we use the conventions ^ = logg, = logh and B^^ = 0. 
Proof. We have already proved the particular case p = q- More generally 



'p{aP)...p(cTl) 



= ^ ^pK)...p(a.) (5.52) 



0-9-1 



p^j.^pCa-J) 

0-9-1 



Next we claim that 



E / ^pK)...p(-) = E / (-ir^+^(5i?^-^)p(..)...p(.-i) (5.53) 



The right hand side consists of all terms of the form 



y / (-lyp-i+^B'^-^ (5.54) 

^7^,-1 p{oP)...p(ofc)...p(o9) 

for all q — 1 < k < p and where the hat symbol denotes that a subscript should be 
omitted. The case k = q — 1 corresponds to the left hand side of ()5.53|1 . 
Now consider q — 1 < k < p. Suppose in the summation we have a flag (cr'^^^, . . . , a^), 
with the summand depending on all simplices in the flag except for a^. This leads to a 
number of identical terms corresponding to all flags which agree in all degrees except 
for k. There can only be two such flags. This is because such flags must satisfy 

C or'=+^ (5.55) 
a''-^ C (5.56) 

This means that is defined hj k + 1 of the k + 2 vertices of a^^^ and a'^~^ is defined by 
k of these. Since a^"'"^ and a^~^ are fixed then there are only two choices for as there 
are two vertices in a^^^ which are not in a^~^. Furthermore the two possible choice 
of flags will lead to opposite induced orientations of a'^~^. The induced orientations 
are derived from the orientation of a^. The orientations of all the simplices from to 
]2iust be the same since they are all identical. The two choices for o"'^ must give 
opposite orientations for a^^^. This condition is equivalent to the basic result = 
for the boundary operator in the theory of simplicial complexes. From a^~^ down to 
0"''"^ all of the simplices are equal so there can be no further change in the relative 
orientations of the two choices. 

Finally we consider the case k = p. In this case we once again have only two choices 
of flag corresponding to the two choices of orientation and these contribute terms of 
opposite sign. This proves the claim. 

The lemma now follows from equation ()5.40|) . 

□ 
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This lemma leads to the following 

Proposition 5.5. For all p > 1 the holonomy of the Deligne class {g-,:^-, ■ ■ ■ , A^) is 

given by the following formula: 

exp [ A^- dB^-' = E E / ^pS)...pK-") (5-57) 

As before we let £^ = logg. 

Proof. It is easily verified that the formulae obtained in the previous sections of this 
chapter prove the result for p = 1, 2 and 3. To prove the more general case we use the 
following intermediate result: 

k „ 

" ' ip-n 



exp [ A^- dB^-' = exp(X: E / 

For /c = this is simply rewriting the integral over X in terms of the triangulation. 
We prove the general case, < A; < p by induction. Suppose ()5.58j) is true for some 
k < p. Applying Lemma 15.21 to the dB term gives 



exp 



p(ctP)...p((tP-('=+i)) 



exp y [ A' 

o-p-(fc+l) 

, /'_i\(fc+l)+l JT^P-e^'+l)-! 

+ I -LJ "%(aP)...p(aP-('=+l)) 



(5.59) 

Substituting ()5.59|1 back into ()5.58|1 gives 



ctP- 



(fc+1) ■^'^'^ ^ ' 



thus the statement is true for k + 1 and therefore by induction is true for all 1 < k < p. 
In particular the case k = p is equivalent to the statement of the proposition since 
B^^ = 0, thus this is sufficient to prove the proposition. 

□ 
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5.5 Transgression for Closed Manifolds 



Consider the constructions of the previous sections of this chapter. In each case we 
start with a bundle {n — l)-gerbe with curving [n = 1, 2 or 3). Then we construct an 
element of corresponding to a smooth mapping of a closed manifold of dimension 
n. Furthermore for n > 3 we can carry out this construction purely in terms of the 
Deligne class. We would like to consider the holonomy as a smooth function on the 
infinite dimensional manifold Map(X, M). We give this mapping space the compact- 
open smooth topology j2Zl p34]. Since the holonomy is defined in terms of sums, 
integrals and pull backs it will define a smooth, continuous function on Map(X, M). 
To see that it defines a class in Deligne cohomology consider the following open cover 
of the mapping space: 

Definition 5.5. Let U = {Ua}aeA be an open cover of M. Let t be a triangulation of 
X consisting of simplices a and suppose we have an index map p : t ^ A. Then the 

set V(^t,p) is defined by 

V(^t,p) = {<pe Map(X, M)| <f){a) C f/p(.)} (5.61) 
Denote open cover defined by these sets by V 

These sets are open in the compact-open smooth topology since they are made up 
of smooth maps of simplices (which are compact) into open sets in M. Following |23] 
we use V as our open cover of Map(X, M). We have already used this cover to calculate 
the holonomy, so we may think of the holonomy as a collection of functions defined 
on open sets in V, that is, a cochain in C°(Map(X, M), ?7(1)). The fact that our 
construction was independent of the choice of the pair {t, p) implies that this cochain 
is actually a cocycle in if°(Map(X, M), f/(l)). Following 23j and jSj we define the 
transgression homomorphism tx '■ H'^{M,V"') — > {Map{X , M) , U {!)) . 

This homomorphism has been interpreted ([Sj,|2S]) as a composition of an evalua- 
tion map 

ev* : H'^iM.V") i7"(Map(X,M) x X,©") 
and a fibre integration map 

[ : i7"(Map(X, M) x X, P") ^ H%Map{X, M), f/(l)). 

This homomorphism is compatible with the corresponding map on curvatures, that is, 
if the curvature of the Deligne class on M is w then the curvature of the transgressed 
class on Map(X, M) is ev*u. 

To see that this agrees with our constructions of the preceding sections suppose 
that {g,A^, ■ ■ ■ , A"' ) G H"{M,V"). Pulling back by the evaluation map gives the class 
(ev*q, ev*A^ ev*A"'). The pull back of the evaluation map gives a homomor- 
phism in cohomology. Restricted to a fixed ip ^ Map(X, M) this class is equal to 
{ilj*g, ip*A^, • • • , ip*A^) which represents a fiat bundle (n — l)-gerbe on X. The fibre 
integration map evaluates the fiat holonomy for each value of tp. It was proven in |2S] 
that the fibre integration map is also a homomorphism. 

In conclusion, we have developed the geometric notion of holonomy from the familiar 
case of line bundles to the case of bundle gerbes and bundle 2-gerbes. The generalisa- 
tion was guided by the consideration of holonomy as a property of the Deligne class. 
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specifically as the evaluation of the flat holonomy class of the puUback of the Deligne 
class to a closed manifold of appropriate dimension. The relationship between these 
cohomological and geometric concepts was demonstrated. As a property of Dehgne 
cohomology holonomy could be extended to higher degree classes and also considered 
as an example of the more general notion of a transgression homomorphism. 
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Chapter 6 



Parallel Transport and 
Transgression with Boundary 

In this chapter we investigate what happens to the constructions of the previous chap- 
ter when we consider manifolds with boundary. This leads to generalised notions of 
parallel transport. These results may also be viewed in terms of an extension of the 
transgression homomorphism to manifolds with boundary. 

We shall see that parallel transport may be thought of as a section of a trivial 
bundle. Let evt '■ VM ^ M be the evaluation map that takes /i G VM to ^{t) G M. 
The the parallel transport map, which is a map between the fibres over /i(0) and 
of a bundle L may be thought of as an element of -^^(q) ® -^/^(i) • This is the same as a 
section of the bundle (efpL)* ® (evlL) on VM. We shall see that such a section arises 
from the extension of holonomy from loops to paths. 

This approach to parallel transport will lead to a similar interpretation in the case 
of bundle gerbes. Here we consider a surface with boundary made up of loops. The 
parallel transport is now defined by pulling back a bundle on the loop space to the 
space Map(S, M) of maps of the surface into M. The holonomy of a closed surface 
generalises to give a section of this bundle. For the example of the cylinder this 
construction gives a map between fibres over the two end loops, a situation similar 
to parallel transport for bundles, however there is no problem considering surfaces 
with different topologies. This construction will give a geometric interpretation to 
Gawedski's results on holonomy of classes in if^(M, P^) over surfaces with boundary 

ESI. 

6.1 Parallel Transport for Bundles 

We now attempt to calculate the holonomy of a bundle over a path in the same way 
in which we calculated the holonomy over a loop. Once again it may seem that we are 
using a long and unnecessarily complicated method, however there are good reasons for 
this. Firstly it is not an unreasonable assumption that a method of describing holonomy 
which generalises to higher cases should be a good starting point for generalising parallel 
transport. It turns out that there are a number of different ways of approaching this, 
and since these appear in the literature it is worthwhile seeing how they arise in this 
context and how they relate to each other. We give as much detail as possible at the 
level of bundles since the key features of the theory are present, but relatively easy to 
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deal with compared with the bundle gerbe case. 

We consider a path as a smooth map : / — > M where / is the unit interval 
[0, 1] G M. The path space VM is the space which consists of all such maps, we give it 
the compact-open smooth topology (see ^5.5|) . 

As in the previous case the pull back of any bundle to I is flat and trivial. The fiat 
holonomy class is an element of H^{I, U{1)) = 0, thus we cannot evaluate a holonomy 
in the same sense as the case without boundary. If we cannot define holonomy then we 
would like to define something which is as close as possible to holonomy. This turns 
out to be parallel transport. For motivation let us consider the case of a principal 
bundle. Parallel transport assigns to each path fi a [/(l)-equivariant map between the 
fibres over /i(0) and When we have a loop this gives an equivariant map from a 

fibre to itself which is of the form p ^ pz for some z G U{1) which is the holonomy. 
In general the parallel transport map takes p to where /i is a horizontal lift of /x 
satisfying /i(0) = p. Another view is that parallel transport satisfies the condition that 
given any two paths which may be joined to form a loop then composing the respective 
parallel transports gives the holonomy. In our case the holonomy is given by exp x 
where x is a -D-obstruction form given by — dlogha- We have shown that this is 
equivalent to a formula H{g,A) in terms of the Deligne class. These two definitions of 
the function on the loop space lead to two equivalent ways of defining a function on 
the path space which satisfies the required criteria. 

Given two paths i^i, IJ^2 with the same endpoints we may define a loop, by conven- 
tion we define this loop associated with a pair (/ii,/i2) to be the composition /ii 
We may define a map on the path space by HsifJ^) = exp /^X; so HB{fJ.i)H^^(n2) = 
H^ni-kji^^). It is important to remember that in this case x is no longer a D-obstruction 
form so we cannot be sure that the construction is independent of the choice of the 
trivialisation h. This is because in the construction of holonomy the value at a par- 
ticular loop is given by the fiat holonomy which is a property of flat bundle 0-gerbes. 
The triviality is only used to express it as a differential form, which turns out to be 
the D-obstruction, a property of trivial bundles. In fact we find that the map Hb does 
depend on the choice of trivialisation: 



where fo and Vi are the endpoint vertices of the triangulation of /. The final term 
fails to cancel this time because of contributions from /i(0) and /i(l). This expression 
is independent of the choice of p, but the dependence on a choice of trivialisation 
causes difficulties. We would prefer to have a p dependence instead, this could be 
achieved by restricting to a particular p and then choosing a trivialisation, however 
this is rather technical. It is easy enough to choose a trivialisation over each element of 
the triangulation using the canonical trivialisation over an element of the open cover 
which was described in %^.2\ The problem is that these trivialisations then need to be 
glued together in some way. This is possible but will become even more complicated in 
higher degrees (see for example the proof of Proposition 6.5.1 in 0), so is not suitable 
for our purposes. 




(6.1) 
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Instead, let us turn to another expression for the holonomy, the transgression for- 
mula of proposition I5.2[ 

H{to,po)if^) = n^^P / ^*^P0(e) ■ Yl9po{e)po{v){f^i'v)) (6.2) 
e 

It is easily shown that on paths with boundary this function is not independent of the 
choice of po so it is not globally defined on the path space. This dependence on the 
triangulation means that we have to be careful about describing the open covers on 
the loop space and path space. Given a decomposition of a loop into two paths with 
the same boundary where the loop is considered as an element of some V(^to,po) C LM 
there is an inherited triangulation and corresponding element of an open cover of VM 
for each path. In general the two paths do not lie in the same open set in terms of this 
cover, however it turns out that there is a more appropriate cover on the path space in 
this situation. Suppose that when 7 e V(^to,po) is split into paths /ii and fj,2 the induced 
open sets on VM are W(^ti,pi} and W(t2,p2) respectively. Since they are both induced 
from the same cover on the loop space they must satisfy the condition pi(f) = P2{v) 
for V G dfii{= dfi2)- In this case we have 

H{ni-kfi^^) = H(^t^^p^){fii)H-^l^^^{fi2) (6.3) 

where we have just broken up the expression for the holonomy ()5.1ip into the parts 
corresponding to each path. 

Since we are using the same formula for both cases we use H for for both loops and 
paths. The distinction should be clear in all cases from the argument and the fact that 
the function on the path space has a local dependence indicated by a subscript. 

Consider now the case where we are given two paths which share a boundary. 
When is equation ()6.3|) satisfied? The fact that H is independent of the open cover 
suggests that this equation is satisfied whenever the two covers on the path space 
combine to form a cover on the loop space, that is, precisely whenever pi(f) = P2{v) 
on the boundary of the paths. Suppose that p2 also lies in the open set W(^t3,p3) and 
P3(t>) = P2{v) on the boundary. Then using ()6.3|) 

H(t2,P2)if^2) = H~^{pi -k /i^^)if(tj^pj)(pi) 

= -^(tiV)(^i)-^(*3-P3)(/^2)-f^(ti,pi)(/ii) (6.4) 

= H{t3,p3){p2) 

This result may also be seen by considering what happens when we change po(e) to 
PQ(e) for any e in the triangulation for p in the formula for Hq{p). The two expressions 
for /io(p) agree except on the terms corresponding to e where the difference is 

/ (^p(e) - ^p'(e)) ■ n 9p{e)piv)9p,le)p'iv) = H 9p'ie)p{e)9p{e)p{v)9p,le)p'(v) = ^ (6-5) 
'^'^ VCde VCde 

Thus we may use a coarser open cover on VM, the cover induced by the projection 
to M X M. An open set Wp^^ in this cover consists of all paths p with triangulation 
to such that the endpoints of p are vertices Vq and t>i satisfying p(0) G f/po(^o) 
p(l) G ?7po(fi)- terms of this cover we shall denote the functions by Hq, Hi and so 
on. We now have a set of locally defined functions on VM from which we may recover 
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the holonomy in the required manner. It is natural to ask what the obstruction is 
to these defining a global function. Another way of viewing this is that given a set 
of local functions, on overlaps we may define transition functions for a trivial bundle, 
with trivialisations (or equivalently sections) defined by the original functions. Using 
a similar calculation to those performed in the previous chapter we find 

(^(^o,Po)^(*i.^i))(^) = Il9po{v)p^{v){f^{v)) (6.6) 

v,de 

Since the right hand side depends only on the boundary of n it may be written as 

'i^*G(to,po)iti,pi) where r is the restriction to the boundary dfi and G(^t(),p()){ti,pi) ai'c defined 
on Map(9/, M). By applying rflog to H(^to,p) it is possible to obtain a formula for local 
connection 1-forms. To distinguish the differential on VM from on M we shall 
denoted it d (this notation will carry over to other spaces of maps into M as well) . Let 

9po{e)po{v) 

= Y ^s.{v)'^po{v) 

v,de 

Since this depends only on the boundary we may write it as r*BQ where Bq is a local 
one form on Map(9/, M). We denote the trivial bundle with connection on VM by 
D{tiL) (so tjL is the trivialisation Hq) and the bundle with connection represented by 
local data (Goi, Bq) is denoted by tqiL. 

We would like to consider a more global description of the bundles D{tiL) and 
TqiL. This is given by the following diagram: 



D{tiL) 



H 



LM =r VM 

id 
M xM 

Here we are claiming that the bundle 0-gerbe described locally by the construction of 
Gqi is the same as that represented by the above diagram. We shall consider this as a 
particular example of a general result. Let (A, Y, M) be a bundle 0-gcrbe and let Ha be 
locally defined functions on Ti~^{Ua) C Y such that Ha{yi)H^^{y2) = \{yi,y2)- Then 
the transition functions of the bundle 0-gerbe are given by gap{f^) = H~^{y)Hp{y) for 
any y e 7r~'^(m). Observe that 

= Hc,{sa)Hp^{sf3)gai3{m) 
= 5{slHa){m)gap{m) 

The bundle 0-gerbe defined by this diagram is tqjL and as we have seen it is D-stably 
isomorphic to uIq^L* ®m'^^L where rriQ and rrii arc the projections of the two compo- 
nents of M X M onto M. This is related to the the holonomy reconstruction theorem 



76 



as described in jSI], which says that a bundle with connection may be reconstructed, 
up to isomorphism, from the function on the loop space defined by holonomy. We shall 
consider this theorem and bundle gerbe generalisations of it in the next chapter. 

The bundle r/L is canonically trivial, with local trivialisation functions Hp such 
that Hp[ni)H~^[ji2) = H{fii -k is also the canonically trivial bundle obtained 

by pulling back rgjL to VM with the map d, the restriction to the boundary. The 
connection on tjL is given locally on VM by d x- 

There is another approach to this problem. Following Hitchin |2HI we may consider 
the space of trivialisations of L over Map(/,M), which we shall denote %j. Each 
element of T/ has a particular path associated with it, giving a projection map onto 
Map(/, M). Using this we may calculate the function S{H) : T/'^' —>■ in the following 
way, 

6{H){Hlp),Hl^py,f,) = 5^1ogi/;(,)(/i(t;)) -log^r,%)(/x(t;)) (6.9) 

v,e 

Recall that any two trivialisations of a bundle differ by a function. Equation ()6.9|) 
gives the 'holonomy' of the function defined by trivialisations /i^ and over dfi. Thus 
once again we see that this bundle 0-gerbe is pulled back from Map(c?/,M). Over 
Map(c}/, M) we have a space of trivialisations Iqj and ()6.9|) gives a function on %si^'^^ 
which defines the bundle 0-gerbe. Note that this function is no longer of the form S{H) 
since H is not defined on Iqj. By forming the bundle corresponding to this bundle gerbe 
we obtain the lower dimensional version of the moduli space of fiat trivialisations ([28j) 
as the total space. The difficulty with this approach is having to deal with the space 
of trivialisations. The space of trivialisations of a bundle is the infinite dimensional set 
Map(M, f/(l)), however the space of trivialisations of a bundle gerbe is a collection of 
all line bundles on M which is not a set and would have to be considered in terms of 
category theory. 

In it was proved that the local transgression formulae that we have described 
above correspond to the usual notion of parallel transport for bundles. We would like to 
describe how the local functions H{to,po) the loop space lead to the parallel transport 
map. 

Recall that given a bundle with connection L ^ M and a path /i in M, parallel 
transport is a ?7(l)-equivariant map of fibres PT : -/^/^{o) —>■ -^/^(i) which is defined 
by the unique lifting of /i to L which is horizontal with respect to the connection. 
Transgression defines a trivialisation of r~^L = -^^*(o) ® -^^(i)- This means we have a 
global section on Map(J, M) which assigns an element of -^^j^(o) to each path, but 

this may also be interpreted as a U{1)- equivariant map i^^(o) — > -^m(i) which defines 
the parallel transport. 

6.2 Loop Transgression of Bundle Gerbes 

We consider what happens to the holonomy of a bundle gerbe over M when we allow 
surfaces with boundary. We obtain a section of a trivial line bundle over Map(S'^, M) 
which gives a generalisation of parallel transport. Furthermore this is the pullback via 
restriction to the boundary of a possibly non-trivial line bundle over Map(9S, M). This 
may be related to a line bundle over the loop space. We derive a local formula which 
gives a transgression homomorphism Tgi : if^(M, "D^) —>■ H^{LM,T>^). Throughout we 
abbreviate Map(X, M) by XM for various manifolds X. 
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We already have a formula ()5.2H1 which gives an S'^-function over the space of 
smooth mappings of closed surfaces into M. This corresponds to pulling back the 
bundle gerbe and evaluating the flat holonomy as an element of U{1)) = S^. In 

the case with boundary we proceed as in the case of parallel transport. 

Starting with exp j^rj — dk and following the same procedure as for closed surfaces 
we find that the terms involving the trivialisation (/i, fc) do not cancel out on the 
boundary components. Given a choice po we could use the canonical trivialisation over 
each f/po(t,) and ?7po(e)- The problem here, unlike in the previous case where boundary 
components were just points, is that each boundary component is a loop and will 
consist of a number of edges and vertices, so to define a trivialisation over the whole 
loop it would be necessary to glue together each of these in some way. This is possible 
(see |EJ| for a description of this in the gerbe case), however it is not a method that will 
be suitable for generalisation to higher degree as it becomes very complicated. Instead 
we turn to the second method that was developed in the previous section. 

We define a function on TPM by H(_to,po){4')y 



I, J b L ^ e L. 

h e,o f,e,o 

(6.10) 

the usual holonomy formula which is well-defined but not globally defined on S^M. 
This is the approach taken by Gawedski Clearly for two surfaces with the same 
boundary this 'trivialises' the holonomy function, but it is not a proper trivialisa- 
tion since it is not globally defined. These local functions define a D-trivial bundle 
D{TY,aP) — > TPM. As in the previous case we can define a bundle 0-gerbe rg^P on the 
space of mappings of the boundary. 



H 



EM 



i 

(9SM 



D(rsaP) 



(6.11) 



The transition functions of D^r-^a) descend to G(to,po)iti,pi) the transition 
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functions of tst.P- We may calculate these explicitly, 

G{to,po)(tl,pi) = -f^(to,po)-^(ti,Pi) 

= exp(^ / {r]p^^b) - Vpoib)) + ^i^Pi{b)pi{e) - Apo(b)po(e))) 
b e,b 

rr 9piib)piie)pi{v)gpgi^i,)po{e)po{v) 
v,e,b 

= exp(^ / dAp^(^h)p^ib) + ^(Ap^(6)pi(e) - Apoib)poie))) 
b e,b 

Y\_ 9pi {b)pi (e)pi (t)) Qp^ {b)po(e)po{v) 
v,e,b 

= exp^(Apo(fe)p,(fe) + Ap^(b)prie) - ^po(fe)po(e)) Yl 9pi{b)p^{e)pi{v)g~^(^b)po{e)po{v 
e,b v,e,b 

= eXp^(Apo(e)pi(e) - d\oggpo(b)p^(b)p^ie) + d\og Q p^(^b) po{e) pi{e)) 
e,b 

rr 9 pi (fe)pi (e)pi (v) dpg {b)po{e)po{v) 



v,e,b 



— 6Xp(^ Apg(^e)pi{e)) Y\_ 9po{b)pi{b)pi{e)9poib)poie)piie)9piib)piie)pi{v)gp^^(^b)po{e)po{v) 
e,b v,e,b 

= exp(^ ^po(e)pi(e)) Y\_ 9pf^(e)po{v)pi{v)9po(e)piie)piiv) 
e,b v,e,b 

(6.12) 

where the last step involves repeated applications of the cocycle condition on g and 
the elimination of terms depending only on b and v. All interior terms will cancel due 
to the summation over b, leaving only edges in the boundary which we denote de. In 
terms of dip, the restriction of the map i(j to the boundary, we have 

Gito,po){h,pi){dlp) = exp^ j dij*Ap,^,)p,^,) ■ n^p~o(e)poMpiM^Po{e)pi(e)pi(.)(5^(^^)) 

de ^ v,de 

= exp^ / 5V^*^Po{e)pi(e) ■\{9~p\e)p,{v)p,{v)9p,{e)pi(e)po{v){dlP{v)) 
de ''^ v,de 

(6.13) 

where the second line is an alternate formula obtained using the cocycle condition 
which is equivalent to that given by Brylinski [Hj. 

It is possible to relate this directly with the approach of Hitchin [2H] where the 
holonomy of a gerbe over a loop is defined in terms of the holonomy of a bundle defined 
by the difference between two trivialisations. In this case we have trivialisations {hf,h^) 
and {k^,h}) defined over loops in V(^to,po) V(^ti,pi) respectively. In this case transition 
functions would be 

G{to,po){ti,pi) = exp ^ / (A;J(g) - A;J(^)) ■ JJ h°p(e)p{v)h^ pie)p{v) (6-14) 

e v,e 

where (t, p) is any index of the open cover of the loop space which is defined on 
V(to,po)(ti,pi)- The transition functions are independent of this choice since they are 
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defined as a holonomy. In the following calculation we shall choose this to be (to,Po)- 
We now directly compare G(to,po)(ti,Pi) and G'(to,po)(«i,Pi): 

) 5'po (e)pi (e)pi (t;) ^ po (e)po C^^) ^Po ( e)po(i') 

v,e 

^expJ2 / (^Po(e)pi(e) - /^po(e) + ^Jo(e)) (6.15) 

e 

• n ^Po(e)pi(e)^ii(e)pi(^)^°po(e)po(t^) 
II, e 

= exp^ / (A:Ji(e) - ^po(e)) ■ n^Pi(e)pi(^)^°po(e)poM 



This is a trivial Deligne class so G and G_ define isomorphic bundles. 

To get the local connection 1-form on V(to,po) we calculate dlog if(to^pQ). 

diogH^to,po){0 = XI / (^€^^Po(&) + dnVpoib)) + XI / (''^^^Po{&)Po(e) + C^''^^Po(6)po(e)) 
6 '^'^ e,b 

+ log ffpo (b)po(e)po (^) ) 

v,e,b 

= X / + X / ^«(^Po(6) - ^Po(6) + Vpo{e)) 
b "^^ e,6 

+ X] ^c(^Po(6)po(e) ~ ^Po(6)po(e) + ^po(ft)poM ~ ^Po(e)po(i') ) 

v,e,b 

= ( / e't;*u;)(0 + X / ''^'^''o(^) + X -''^^po(e)poM 

(6.16) 

The 1-form dlogHf^ta.po) docs not descend to the boundary however d\ogH(^H).po) ~ 
J^ev*u! is an equivalent connection on the trivial bundle D{T-sa) which does descend, 
so the local connection forms are given by 



-^(to.po) 



X / ''^^Po(e) + X ~^^'^Po{e)po{v) (6-17) 
de "^^ v,de 

If the map dip consists of a number of components dipi then 

Git o,po)(ti,pi) 

(diJi) (6.18) 

i 

and 

^(*o,Po)(0=X^(*o>Po)te) (6.19) 

i 

thus if we consider maps, di, of the boundary components into the free loop space LM 
then the bundle described by G is a product of bundles over each component loop, 
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l^^dj^^L, where L is the hne bundle over the loop space defined by the transgression 
formula The bundle was described in this way in [Sj. 

Let us summarise what we know about transgression of bundle gerbes. Given 
a bundle gerbe with connection and curving, P, over M we obtain a trivial bundle 
DijY^aP) over Map(S^, M). A section of this trivial bundle defines a generalised notion 
of parallel transport. Also we have seen that D{T^dP) is the pullback of a bundle on 
the boundary, tqsP. This bundle may be defined in terms of the transgression to the 
loop space which is a bundle r^iP. 

It follows that whenever M is 1-connected, we have a simple geometric picture of 
the bundle over the loop space (as a bundle 0-gerbe), 

H 
/ 

i 

LM 

where S'^{M) is the space of smooth maps of the 2-sphere into M and D^{M) is the 
space of smooth maps of the 2-disc into M. We know from our previous discussion that 
the transition functions of this bundle gerbe are G(to,po){ti,pi)- Previously we considered 
the bundle 0-gerbe defined by the holonomy function on EM where S is any surface 
on M however in this case spheres are sufficient to obtain all possible loops in M since 
every loop bounds a disc. For more general M there exist loops which do not bound 
a disc, in which case there is no simple geometric picture of the bundle on the loop 
space, however, the local transition functions are still well defined. There is an analogy 
between this situation and the holonomy of bundles over M. When M is 1-connected 
the holonomy may be defined in simple terms as an integral of the curvature over some 
surface, however more generally if we want to define the holonomy as a function on M 
we use a local formula. 

6.3 A General Formula for Parallel Transport 

In this section we take a similar approach to that taken in ^5.41 The formulae obtained 
are examples of the more general fibre integration formulae of Gomi and Terashima 
(EH] |2ni)- The difference with our approach is that rather than starting with a formula 
and proving that it satisfies the requirements for parallel transport, we are deriving 
formulae by first generalising the notion of parallel transport. Suppose we have a class 
in HP{M,1)P) and a p-manifold, X^, with boundary dX. Then we may define a set of 
local functions if(jp^pp) on X^M such that given any two mappings V'i;^2 which have 
the same boundary then H^^ ^^■^(■ipi)H(^to,po)ii'2) = -f^(V'i#^2) where H is the holonomy 
function on XM, # is the connected sum which replaces the composition for paths and 
loops and the open cover is induced by the restriction to dX. We may define transition 
functions G^(to,po)(ti,pi) = -^(to^po)-^(ti,pi) which define a trivial bundle on X^M and 
descend to define a possibly non-trivial bundle on dXM. We calculate the formula for 
these transition functions using our general formula for holonomy ()5.57j) . 

^ f -n 

G'{t0,P0)(il,Pl) = ^^P / _J^^pi{aP)...pi{aP-") ~ ^lo(aP)...po{(TP-^)\ (6.20) 

n=0 ctP-" ^'^^ " 
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We would like to express this in a form which explicitly relies only on the restriction 
to the boundary. Consider the first term in the summation over n, 



gP J'^" 

^ E / , ^PQ{oP)pY{<yP) 



d^''p^{cP)p,{cP) (6.21) 



Combining this with the term corresponding to n = 1 gives 

I _ , ^po{aP)pi{aP) ^ ^pi{aP)pi{aP-^) ^po{aP)po{aP--') " 



aP- 



aP- 



E / ^poK-i)pi(o-P-i) + '^(^^ ^)po{TP)pi{aP)pi{aP-^) - ^{^^ ^)po((Tf)po(o-f-i)pi(o-f-i) 

(6.22) 

We would now like to iterate this process. First we shall prove a formula which will 
simplify some of the terms, 



Lemma 6.1. For 1 <n < p 

n 

^( — 1)^(5(A^ ")po{aP)...po{aP-'')pi{aP-'-)...pi{aP-'^) — 



r=0 

n—1 



■i)"^^E(-i)^^m: 



{aP)...poi<jP—)pi{aP-n...pi{aP-"+'^)i 23) 

n 

^Z^V ^po{aP-^)...po{aP-^)pi{aP-^)...pi{<7P-») ^ pi(<TP-")...pi(o-P) 

r=l 

_ AP~^ _L T 

where I consists of a sum of terms in which one subscript Pi{o'™') is omitted, forp — n < 
m < p and i e {0, 1}. These are exactly the terms which cancel out under the sum 

y f I. 

aP-n 

Proof. Most of the terms on the left hand side are absorbed into the term I on the 
right hand side. Consider the remaining terms. There are three distinct types: 

1. Those for which the subscript pi((T^~") is omitted. There is one term of this type 
for each r in the summation. In each case a factor of (— 1)""*"^ is introduced by 
the definition of 5. 



2. Those for which the subscript Po(c^) is omitted. There is one term of this type 
for each r in the summation. 
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3. Terms for which the subscripts include cr™" for aW p — n < m < p. This is only 
possible if the subscript omitted by 6 is either po{aP~^) or pi((tP"^). Note that 
the term obtained by omitting po(c"^~^) is the same as that obtained by omitting 
the pi(cr^~''~^) subscript in the (r — l)-st term of the summation over r. In both 
of these cases we are eliminating the subscript immediately after po(c"^~^~^) so 
the signs arising from the S map are equal, however the two terms get opposite 
signs from the factor (—1)'', and hence they cancel out. 

There are two terms which do not cancel out in this way. One is obtained by 
omitting the subscript Pq{(T^) from the r = term in the summation. The factor 
(—1)'' is equal to 1 and the coefficient from 5 is also 1 since we are omitting the 
first term. 

The other term which does not cancel out is the one obtained by omitting the 
subscript pi(cr^~") from the r = n term. 



□ 



Proposition 6.1. The formula for the transition functions given in equation ()6.2U|) is 
equivalent to 

k-l 

l)...po(CTP-'-)pi(CTP-'-)---Pl(f^P-") 



n, — J. n lb 

-pE / ,(-l)'^"'E(-l)^^Mtp)...Po(.p-)P.(--)...P.(— )] (6-24) 

■ 5Z 5Z / [^Pi("f)...pi(aP-") - ^po 



.X 1 



n=k o-P-" 



for each k such that 1 < k < p. 



Proof. Equation 1)6.2111 shows that the result is true for k = 1. We now proceed by 
induction on k. Assume the result is true for k = I. Define terms A(?t,), B{n) and C{n) 
such that equation ()6.24|) becomes 

k-l p 

exp[^A(n) + + (6.25) 

n=l n=k 

To prove that the equation holds for A; = Z + 1 we need to show 

I— I p I p 

exp[J2 Mn) + B{1) + On)] = exp[J2 + B{1 + 1)+ ^ C{n)] (6.26) 

n=l n=l n=l n=l+l 

Clearly if B[l) + C{1) = A{1) + B{1 + 1) then the result holds since all other terms in 
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()6.26|1 are identical. Consider 



P-i 

poiaP)...poicTP-^)pi(aP-^)...pi{aP-'^ + '^) 

■r=0 



^P-i r=0 



(aP ) . . .pi (crP- ' ) ^ (erf ) ■ ■ -PO (f^P-' ) J 



I 



■E/ ,E(-ir^: 



lpo{(7P)...po((7P-'-)pi (<TP-'-)...pi((7P-') 



p-l 

po(aP-^)...po(aP-^)pi{cTP-^)...pi{aP-') 



by Lemma f(i .11 



P0{(7P)...po(<TP-'-)pi(crP-'-)...pi((7P-') 



-n-1 



)...po(<TP"-)pi('^''"'')-piK"') 



since = for a Deligne class 

E/ ,E(-iK, 



po{aP-'-)pi{aP-'-)...pi{aP-') 



po(aP-')...po((TP-^)pi{aP-^)...piicTP-i) 



qP- 

= B{l + l) + A{l) 

(6.27) 
□ 

This proposition gives a general formula for parallel transport by considering the 
case k = p. In this case the transition functions are given by 



p— 1 „ n 

G'(to,po)(ti,pi) = exp ^ ^ / ^po(crP-i)...po(<TP~'-)pi(aP~'-)--PiK-") 

n=l aP^" " '"=1 



(6.28) 



It is not difficult to show that B{p) + C{p) = A{p). This follows from the proof that 
B{1) + C{1) = A{1) + B{1 + 1). Recall that the B{1 + 1) term appears after applying 
Stokes' theorem to a dA^~^~^ term which in turn comes from applying the Deligne 
cocycle condition to a 5{A^'^) term. In this case we have 5{A^) = so the B{1 + 1) 
term is absent, leaving the required result. 
Thus we have 
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Corollary 6.1. \25\ \2n^ The transition functions for the parallel transport bundle as- 
sociated with a Deligne {p + 1) -class over M and a smooth map of a p-manifold with 
boundary into M are given by 



p „ n 

n=l aP-" " r=l 



)...po{aP-^)piiaP~^)...pi{aP"^) 



(6.29) 



We now derive a formula for the connection. Once again we start with the local 
functions 

^ f 

^(to.po) = exp 5^ 5Z / ,/po("^)...Po(-''-") (6-30) 

n=0 ctP-" 

We apply dlog and evaluate at ,^ G T(Map((9S, M)) to get 



p—n 1 
P(,{(7P)...po(<TP-")J 



(^log(^(io,po))(0 - ( / ev*uj){^) =J2J2 [^^5^po("p)...poK-") + 

„=0 <,P-n-l ■^^''-"-1 

+ E / (-l)"'-'^e^(^'"""'')po(<.^)...P0K-")] 



p-1 



n=0 (7P~"~i 



+ E E / (-i)"^'^c^(^"""^')poK)...poK-") 

n=l aP-" 

where we have used = and A^~^^ = 0, 



^ ' ^ So(crP)...po(<TP-") 



+ (-l)"'-?^(^^~")poK)...poK-"-i) 

(6.31) 

Only two terms from the 6 part survive under the sum over gf^"'^^. These are the 
ones which omit the subscripts Po{&^) and Po{(y^^^^^) respectively. Consider the first 
of these. Since it is the first term in the 5 expansion it is positive, thus we have 
(— l)"i5A^~^"p_i^ po(o-p-"-i)- '^^^ term omitting the subscript poicr'^) in the 6 expansion 
will have the additional coefficient (—1)"'^^ which makes equal to the negative of the 
first term in ()6.3ip . Thus we have shown that the connection on the bundle over 
Map(c}E, M) representing parallel transport is given by 



i?(*o,Po)(o = E E / (-1)"^?^ 
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Example 6.1. Using these general formulae we can calculate the transition functions 
and local connections corresponding to the parallel transport of a bundle 2-gerbe on M 
over a smooth map of 3-manifold with boundary, X into M. Let the bundle 2-gerbe be 
represented by the Deligne class ig,A,ri,i/), let X be triangulated by 3-faces w, 2- faces 
b, edges e and vertices v. Denote the map X ^ M hj ip. Then the transition functions 
are given by 

G{to,poKti,pi){i') = exp ( ^ f 1p*r]po{b)pi{b) + X] / ^*(^Po(6)pi(6)pi(e) - ^po(b)po(e)pi(e)) 

V b,w ^ e,b,w ^ 

n ib)pi (fe)pi (e)pi (v) 9pg(b)po {e)pi (e)pi (v) 9po (b)po (e)po {«)pi (^) ) 

v,e,b,w 

(6.33) 

and the local connections are 

^{to,po)(0 = X] / ''i^Poib)-^ / HVpoib)poie) + ''C^po(fc)po(e)poM (6-34) 

o,ui e,b,w v,e,b,w 

In the case where M is 2-connected then we may, by analogy with r^iP in the bundle 
gerbe case, define a bundle 0-gerbe ts^P which may be represented in the following 
way: 

H 
/ 

i 

S\M) 

Gomi and Terashima [23 12^1 suggest that it would be of interest to find geometric 
realisations of transgression in higher degrees. This construction gives such a realisation 
in terms of bundle gerbes. 



6.4 Loop Transgression of Bundle 2-Gerbes 

Recall that so far we have considered a generalised form of parallel transport. This has 
involved transgression of a bundle gerbe to a bundle 0-gerbe (or, equivalently, a bundle) 
over the loop space and the transgression of a bundle 2-gerbe to a bundle 0-gerbe on 
the space dXM of smooth maps of boundaries of 3-manifolds in M. As in the case 
of loop transgression of a bundle gerbe the fact that the transgression formula may be 
broken up into a product of factors over each boundary component implies that this 
bundle 0-gerbe may be realised as a product ■ d^^L where L is a bundle 0-gerbe on 
EM which is defined locally by the transgression formula. 

We may now proceed as in the case of loop transgression of bundle gerbes. To do 
this we apply the hierarchy principle, replacing functions with bundles. This means 
that we want to find a bundle on TPM that locally trivialises tqxP- To do this simply 
apply the formula for G(^to,po){ti,pi)- If this fails to be consistent on triple intersections 
then it will define a trivial bundle gerbe. This is quite a long calculation involving the 
repeated application of the various cocycle conditions which define the Deligne class of 
the bundle 2-gerbe. We start with the highest term, rj and apply the appropriate cocycle 
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condition and then use Stokes' Theorem to move down to the next level. This process 
is repeated at each level with terms such as'^A and Yi 9 used as an abbreviation of 
all of the terms at the other levels. We also write Gqi for G(^to,po){ti,pi) ^^d so on. 

GoiGi2Gq2 = exp(^ / r]p^Q,)p^(p) + r]p^Q,)p^Q,) - r]p^{p)p^{p)) • exp >1 • ]~[ 
b 

= exp(^ / -Apo(6)pi(6)P2(6) +^po{6)pi(6)pi(e) " ^po(6)po(e)pi(e) + ^pi(6)p2{b)p2(e) 

— ^pi(&)pi(e)p2(e) ~ ^po(6)/92(6)/32(e) + ^po(6)po{e)/92(e)) " JJ^ 9' 
= exp(^ / --4po(e)pi(e)p2(e) + C?log5fpo(b)pi(6)p2(fe)p,(e) + <i log 5'pi(b)p2(b)pi(e)p2(e) 

- C^l0gg'p(,(b)p2(b)pi(e)p2(e) + C?logg'p(,(b)po(e)pi(e)p2(e)) ' Wq 

= exp(^ J -ApQ(^e)pi{e)p2{e)) " H fl'po(e)po(u)pi(i;)p2M5'po(e)pi(e)pi(i))p2M 
e,6 ^ t),e,b 

fpoUpi(e)P2(e)p2{t')'^^^) 
(6.35) 

All of the interior terms will cancel in the sum over b so these transition functions 
descend to We also have a canonical choice of connection on this bundle gerbe 

which is given by the £)-trivial local connection forms on E^M, 

(Si - -Bo - JlogGoi)(0 = XI J ~^^'^Po{e)pi{e) +^ ^d'^Po{e)pi{e)pi{v) " ^po{e)poiv)pi{v)) 

e,b ^ v,e,b 

(6.36) 

The details here are similar to those of previous calculations and have been omitted. 
The canonical choice of curving is defined by 

dBo{^,fl) Vle^^Po(6) - dlpl^Vp^Q,) ^^li j ~Vl«^'7po(6)po{e) + d^ixH'npo{b)po{e) 

b ''^ e,b 

+ Ve'^^Po(6)po(e)poM 

v,e,b 

b e,b v,e,b 

(6.37) 

The 2-form dBg — ev*u; descends to give local curving 2-forms 

Co(C, /^) = X / -Ve^Po(e) + X -^^^HVpo{e)po{v) (6-38) 
e,b ^ v,e,b 

This local bundle gerbe data splits into a product of terms over each component of 
(9SM and defines a bundle gerbe over the loop space. This situation is more compli- 
cated than the usual concept of parallel transport. We shall give a direct comparison 
for the example of a cylinder. For a bundle gerbe there is a line bundle L on the loop 
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space, so associated with each boundary loop of the cyhnder is a fibre of this bundle. 
Over the cylinder there is a trivial bundle with fibres given by the product of the fibres 
of L at the end loops. A trivial bundle has a section, which in this case defines a 
C/(l)-cquivariant map between the fibres at the end loops. If, on the other hand, we 
start with a bundle 2-gerbe then we have seen that a bundle gerbe on the loop space 
is obtained. Thus associated with each boundary loop is the fibre of a bundle gerbe, 
which is a C/(l)-groupoid. Associated with a cylinder is a trivial bundle gerbe however 
this does not necessarily define a section. 

This is similar to what happens when we consider a bundle gerbe over a path. 
Starting with the line bundle on the loop space obtained by transgression we obtain 
a trivialisation of a bundle gcrbc on VM. The trivial bundle gerbe is the pull back 
of a bundle gerbe on Map((9/, M). The fibre over each component of Map((9/, M) is 
simply the fibre of the original bundle gerbe over the relevant point in M. This example 
leads to holonomy reconstruction which shall be discussed in the next chapter, detailed 
calculations shall be given there. 
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Chapter 7 

Further Results on Holonomy and 
Transgression 

We briefly discuss the terminology used in this chapter. Strictly speaking holonomy 
is the C/(l)-valued map corresponding to a bundle n-gerbe over a closed (n + 1) man- 
ifold. Corresponding to {n + l)-manifolds there are sections of trivial bundles which 
generalise parallel transport. Corresponding to closed n-manifolds there is the trans- 
gression bundle, named after a homomorphism in Deligne cohomology. Holonomy and 
parallel transport may also both be viewed as arising from such transgression maps 
so we sometimes use the term transgression to apply to all of these cases. It is also 
possible to view all cases as a generalisation of the notion of holonomy, sometimes the 
term holonomy is used in this context. 

We present some basic properties of holonomy and transgression. We consider the 
holonomy of some of the examples we have encountered and discuss consequences for 
the theory of holonomy reconstruction. We also consider gauge invariance properties 
which are relevant to applications. 

7.1 Some General Results 

In Chapter 5 we considered generalisations of holonomy to bundle gerbes and higher 
objects. Here we present some basic properties of bundle holonomy and show that 
they also apply to bundle gerbe holonomy. We then go on to see how these results 
apply to the more general notion of transgression which was discussed in Chapter 6. 
Throughout the final two chapters hoi will denote the holonomy map as defined in 
Chapter 5, with the bundle n-gerbe {n — 0,1,2), connections and curvings and the 
closed n + 1 manifold indicated where necessary. 

Functoriality 

Let P — > M be a bundle with connection A and suppose we have a map (j) : N ^ M. 
Then 

hol(0-^P; (P*A) = 0*hol(P; A) (7.1) 

as functions on LN. 

Now suppose we have a bundle gerbe (P, Y. M ; A, /) and map (j) : N ^ M. Then wc 
can form the puUback bundle gerbe over and use this to define a holonomy function 
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on Map(S,iV). For an element ip of Map(S,iV) the holonomy function is defined by 
the evaluation of the flat holonomy class of the bundle gerbe '0~^(0~^P). This is the 
same as the bundle gerbe over E obtained by the puUback of P by ^o'^ e Map(E, M). 
The flat holonomy class of this bundle gerbe is the holonomy function on Map(E, M) 
evaluated at o so it follows that 

hol((/)-^P, (f)-% N; (I)* A, (f)*f) = 0*hol(P, Y, M) (7.2) 

as functions on Map(S,iV). Furthermore a similar result clearly holds for bundle 2- 
gerbes and maps of 3-manifolds. 

Now consider the transgression of the bundle gerbe 0~^P to the loop space LA^. 
The map induces a map : hN — > LM such that given any ^ e LA^" the map 
L^fjL e LM is defined by 

L^fi{e) = <p{fi{e)) (7.3) 

Now consider the transgression of P to the loop space LM. This gives a bundle 
0-gerbe which may be pulled back to LA^ by the map L^. Wc claim that this is stably 
isomorphic to the bundle 0-gcrbe over LA^ mentioned above. First consider the case 
where there are no non-trivial loops and there is a geometric picture of this bundle 
0-gerbe. At each level we have a map between surfaces induced by 0. In particular 
given ijj e EA^ then we can map to the surface given pointwise by o -0 in M. The 
holonomy map on EA^ gives the flat holonomy class of ilj~^(f)^^P which is clearly equal 
to the holonomy map on EM corresponding to the surface 00?/;. Furthermore since the 
connection is derived from the holonomy function then we have a D-stable isomorphism. 
This result also extends to the bundle gerbe over the loop space associated with a bundle 
2-gerbe since once again we have an induced map between smooth maps of manifolds 
at each level which is invariant under the holonomy map. Since the transgression 
formulae are obtained by this construction we claim that the functoriality applies to 
transgression in the general case, for example, functoriality of the holonomy of a bundle 
gerbe extends also to the local functions on surfaces with boundary and the transition 
functions are then defined in terms of these. 

Orientation 

We consider the effect of a change of orientation of the manifold over which the holon- 
omy is evaluated. In the case without boundary then it is clear that the holonomy 
function changes sign under a change of orientation for bundles, bundle gerbes and 
bundle 2-gerbes. Recall that the function at a particular point of the relevant map- 
ping space is the evaluation of the flat holonomy class of the corresponding puUback. 
This evaluation involves integrating the /^-obstruction form, so a change of orientation 
will reverse the sign of this integral and lead to an overall reversal of the sign of the 
holonomy function. 

This argument easily extends to the case with boundary. Our usual approach here is 
to proceed as in the case without boundary to obtain a function which locally trivialises 
the holonomy function on the fibre product. As above, a reverse in orientation leads 
to a reverse in sign of this function. The transition functions and local connections 
of the transgression bundle are derived from the local expressions for this function, 
so they too have signs reversed. Thus the bundle 0-gerbes with connection obtained 
by transgression change to their duals under a reverse of orientation of the embedded 
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manifold. In the case of a bundle 2-gerbe over a surface with boundary then we have 
a bundle 0-gerbe which locally trivialises the bundle 0-gerbe on EM. Since this has a 
change of orientation then so do the trivialisations and thus the bundle gerbe on the 
loop space has a change of orientation. 

Multiplicativity 

Suppose El U E2 is a disjoint union of closed n-manifolds, for n — 1,2,3. If P is a 
bundle {n — l)-gerbe then 

holE,us.(P) = hoIs,(P) • hols,(P) (7.4) 

The left hand side is equal to cxp J^^^^j^,^ X where x is the D-obstruction form for the 
flat, trivial bundle (n — l)-gerbe (Ei U E2)~^P. This integral separates into the two 
holonomies on the right hand side. 

In the case with boundary then we find a similar relation however the functions are 
only defined locally. Taking D of this to get the bundle on the boundary, L we have 

an isomorphism of bundle with connection. Furthermore since the sections of the pull 
backs to the mapping space of the manifold with boundary are given by the local 
function these also satisfy an additivity property. 

Suppose we have a disjoint union of a closed manifold, Ei, and one with boundary, 
E2. In this case the union is a manifold with boundary so there is a function Hp on 
E^M leading to a bundle on the restriction to the boundary, however since the Hp 
term corresponding to Ei has no boundary then it is globally deflned and so does not 
contribute to the transition function and thus the bundle does not depend on Ei and 
is simply Ls^. The difference from the case where we just have E2 is the section of the 
trivial bundle defined by Hp. The term corresponding to Ei gives a different choice of 
triviahsation of the bundle D{Hp) than if we just have the E2 term. 

These results arc easily extended to bundle 2-gerbes. The functions, bundles and 
bundle gerbes obtained by the various transgressions satisfy the obvious additivity 
conditions. In the situation where we have one component with boundary and one 
closed then the result of transgression is the transgression corresponding to the com- 
ponent with boundary, with the closed component contributing to the canonical sec- 
tion / triviahsation. 

Gluing 

Let El and E2 be two n manifolds where n = 1, 2 or 3. Suppose that 9Ei = Xi U X 
and dT,2 = X2UX. In this case we may glue Ei and E2 along X to get a new manifold 
E with 9E = Xi U — X2. When evaluating the holonomy of E with respect to a bundle 
(n — l)-gerbe we get functions H^^t^^p^^ which separate into a boundary component and 
an interior component which descends to the mapping space of the boundary. We 
claim that this will be equal to the product of i/si(f().p()) and — i?s2(to,po)- The change 
in sign is due to the need to reverse orientation for gluing. Clearly the claim holds 
for the interior components since these are not affected by gluing. Since the boundary 
components are summations over a triangulation then we may break these down to get 
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HUo.o) + - - -hich is equal to the boundary term for S. 

Thus we have 

Ta^P = rax.P ® {tqx.P)* (7.5) 

Now consider the special case where we have two n-manifolds Si and S2, such that 
(9Si = — Then it is possible to glue them together to obtain a closed manifold 
S. This time all of the boundary terms cancel leaving only the interior terms. Putting 
these together we get the holonomy function on Map(S, M). This function corresponds 
to the product of the two sections over Map(S, M). 

In a similar way, given a bundle 2-gerbe P and surfaces Si and S2 then the same 
results apply in terms of bundle gerbes. 



7.2 The Holonomy of the Tautological Bundle Gerbe 

We begin by considering the holonomy of the tautological bundle 0-gerbe. Recall that 
given a closed, 27r-integral 2-form, F, on a 1-connected manifold, M, this is defined by 
the diagram 



U{1) 



p 



LqM ^ VqM 

i 

M 

where the map p is defined by 

p(7) =exp [ F (7.6) 



and S is any surface which is bounded by 7. The connectedness requirement ensures 
that we can choose such a S and we have already established that p is independent of 
the choice of S. 

Now consider the holonomy of this bundle 0-gerbe. Since the curvature is F then we 
know that the holonomy must also satisfy the condition on p in ()7.(jj) . This condition 
completely characterises the function and thus the holonomy of the tautological bundle 
0-gerbe is the function p : Lq{M) U{1). This is a rather trivial fact however it will 
serve as an indication of what to expect as we move up the bundle gerbe hierarchy. 

Now consider the tautological bundle gerbe, with the tautological bundle over 
Lo(M) considered bundle 0-gerbe, 



f/(l) 



p 

/ 

i (7-7) 

LqM ^ VqM 

i 

M 

By our connectedness assumption on M all closed 2-surfaces in M are of the form dX 
for some 3-manifold X. The holonomy satisfies H{dX) = exp j^uj = p{dX). Since by 
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the usual arguments this is independent of the choice of X we can conclude that the 
holonomy function on S'^(M) is equal to p. 

Recall that we can also transgress a bundle gerbe to get a bundle over LM. We wish 
to compare this with the bundle over LqM in the tautological bundle gerbe described 
above. Recall Lemma ()3.1|) tells us that the tautological construction is independent of 
the choice of base point, so without loss of generality we may replace LM with LqM. 
Now the fact that p is equal to the holonomy map shows that the bundle 0-gerbe 
obtained by transgression of the tautological bundle gerbe is the same as the bundle 

0- gerbe on the loop space which is used to define the tautological bundle gerbe in ()7.7|) . 
This implies the following 

Proposition 7.1. The transgression to the loop space LG of the tautological bundle 
gerbe over a compact, simply connected, semi-simple Lie group G with curvature 3-form 
Tr < g~^dg A [g~^dg A g~^dg] > is the bundle associated with the central extension 
LG — *• LG (see example \3 . 1]) . 

Next consider the tautological bundle 2-gerbe, 

D\M) 
i 

S\M) ^ D\M) (7.8) 
i 

LqM ^ VqM 

I 

M 

where M is 3-connected. By the assumption on M, every element of D^{M) is the 
boundary of a 4-manifold, W and thus the holonomy function is uniquely determined 
by the property H{dW) = exp 9 where 9 is the 4-curvature. This is exactly the 
definition of the function p, so it is clear that the transgression bundle ts^ is the bundle 
over S'^(M) in ()7.8|) and the transgression bundle gerbe is the bundle gerbe over 
LM in (dH). 

7.3 Holonomy Reconstruction 

In this section we consider the theory of holonomy reconstruction in the bundle gerbe 
context. 

Let us consider the implications of our connectedness assumptions in the tauto- 
logical case. This will lead to an understanding of the more general case. Let M be 

1- connected so that the tautological bundle 0-gerbe is defined. Then we also have 
Hi{M) = 0. Recall that there is an exact sequence defined by the map of a Deligne 
class to its curvature, 

^ H\M, U{1)) H\M, V^) Al{M) 
First we use the Universal Coefficient Theorem for cohomology {[^)', 

H'i{X, G) = Hom(iJ,(X), G) © Ext(i/g_i, G) (7.9) 



/ 
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Since we have Hi{M) = and Ext{Ho{M), f/(l)) = then 

i/^(M,[/(l)) = Hom(0,f/(1)) ^ (7.10) 

Together with ()2.H|1 this gives the result 

H\M,V^) = Al{M) (7.11) 

If we think of this Dehgne class as a bundle then this tells us that when 7ri(M) = 
all bundle gerbes with connection on M are completely determined by their curvature. 
The tautological construction gives us a bundle with connection over a 1-connected 
base M which has a particular curvature, so this tells us that the tautological bundle is 
in fact the unique (up to isomorphism) bundle with connection satisfying these require- 
ments. Rather than constructing a bundle from its curvature we shall construct it from 
its holonomy function. In the tautological case the holonomy function is completely 
determined by the curvature, so this approach does make sense as a generalisation of 
the tautological case. 

We now relax the requirement that M be 1-connected. Let us start with a bundle 
0-gerbe with connection defined by a class in H^{M,V^). There is now no map p, 
however in the previous section we found that for the tautological bundle p is equal 
to the holonomy, which does exist in the general case. An explicit construction of 
the Deligne class from the holonomy is described in [21]. We shall construct a bundle 
0-gerbe using a similar approach. 

We use the tautological construction replacing p with the holonomy, giving the 
following bundle 0-gerbe: 

U{1) 

H 

LqM ^ VqM (7-12) 
i 

M 

We define the connection to be ev*F as in the tautological case. The inverse of the 
holonomy map follows from the relationship between transition functions and the flat 
holonomy class, see the proof of proposition 15.11 for an example of this. 

Now we outline the method for finding local expressions of a bundle with connection 
from jSI]. The first step is to define a section over each Ui G M which gives a path in 
Ui for each which ends at rrii G Ui. These are composed with paths Pi which connect 
them to the base point and so define local sections of the path fibration. The sections 
over Ui and Uj are then composed and the holonomy is evaluated over the resulting 
loop. Observe that this gives precisely the transition functions of the bundle 0-gerbe 
()7.12|1 . In particular note that the inverse is present since the direction of the path 
is positive on the lift over Ui and negative over Uj. Furthermore it is shown that the 
resulting bundle is independent of the choice of base point. 

Next we show that our connection is the same as that obtained in Since our 
connection is defined on the path space we need to pull it back using a local connection 
for comparison. Let Si be the local section over Ui and let v be a vector at x G f/j which 
may be represented by ^'(0) for some curve q C Ui. The vector Si^X is a vector in the 
path space which is based at the path Si{x). It is given by -^Si{q{k))\k=Q, where for 
each k the path Si{qk) is from rrii, the centre of Ui, to q{k). Strictly speaking the paths 
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actually begin at mo, but since Si{q{k)) is constant between mo and rrii we are only 
interested in what happens between and q{k). The local form of our connection 
evaluated at v is fjLs-^^ev*F = Jj F{si^y{t), dt) where Sj*^(t) is the vector on Ui given 
by the element of the vector field on the path Sj(x) at Si{x){t). 

In [HT| the connection is defined by first taking the holonomy of a particular loop 
associated with a vector v as above. Omitting the trivial part again, this loop consists 
of three components, first the lift Si{x), then the curve q and finally the lift Si{q{k)) 
in the reverse direction. The local one form evaluated at v is then defined by taking 
minus the k derivative of log of this holonomy at = 0. Note that the loop around 
which the holonomy is taken corresponds to the boundary of a surface, S^., defined by 
the collection of all of the loops Si{q{s)) from to k. This means that we can express 
this holonomy as an integral of the curvature, exp J^^ F. The integral over may be 
parametrised by / x [0, k] where / parametrises the curves from rrii to q{s) and [0, k] 
parametrises the curves. We can now calculate the connection: 

^Iil ^(^^(^'(^))W'^^)l'^=o = j^ev*Fis,Ut),dt) (7.13) 

as required. 

Now consider a general bundle 0-gerbe with connection {g, Y, M; A). If we calculate 
the holonomy and then use it to reconstruct the bundle 0-gerbe then we have a new 
bundle 0-gerbe {H,VoM, M; B) which is D-stably isomorphic to {g,Y, M; A). This 
may be shown explicitly by considering the product bundle 0-gerbe 



f/(l) 



i 

M 

The transition functions for the bundle 0-gerbe are given by 

9a^-^^P _^iAi- d log hi) (7.15) 

where //q and fip are paths given by the local sections of the path fibration at m G Ua/s- 
Normally we deal with the term in the integral by breaking it down into a sum of 
edges in a triangulation of the loop. Using the sections of the path space described 
in [SI] we can break down /ia * /i^^ into a sum of four components. First there is a 
path from rriQ to rria, the "centre" of This is independent of m and so contributes 
a constant factor to the transition function. Next there is a path, fi^, from 
to m. This is contained within [/„ so the integral corresponding to this component is 
J- Aa — d log ha- The remaining components are from m to mp and from mp to ttlq 
and contribute similar terms to give 

g~p{m) ■ KaK^'^ ■ exp {-Ap + dloghp) ■ exp (Aa-dlogha) (7.16) 

Applying Stokes' theorem to the h terms gives 

g~^{m) ■ KaK^^ ■ exp{ -Ap + Aa) ■ h^'^{mfs)hp{m)h~^{m)ha{ma) (7.17) 

J ftp J fla 



95 



We may now cancel out with hj3{m)h^^{m) and incorporate the other h terms 

into the constants since they don't depend on m. This leaves 

5iK-'-expi[ -A,)) (7.18) 



proving that the two bundle 0-gerbes are stably isomorphic. To see that this extends 
to a Z^-trivialisation it remains to observe that applying d log gives the pull back of the 
connection form, —A + jj ev*F by a local section. 

Using these results we now have a canonical representative of the Z)-stable isomor- 
phism class of any bundle 0-gerbe with connection which we shall call the holonomy 
representative. Given any bundle 0-gerbe with connection this is obtained by taking 
the holonomy and then reconstructing a bundle 0-gerbe. 

We now consider the case of bundle gerbes. We assume for now that M is 1- 
connected. We shall postpone discussion of this requirement until the next section. 
Given a function representing the holonomy of a bundle gerbe we reconstruct the 
bundle gerbe in the following way 



H 



U{1) 

S\M) ^ D\M) 

i (7-19) 
LoM ^ VqM 
I 

M 

Over Uij we have the sections Si and Sj. Use these to define the puUback bundle 0-gerbe 

U{1) 

/ 

S\M).,^ ^ D\M),, (7-20) 
i 

where elements of D^{M)ij which lie in the fibre over m are surfaces bounded by the 
1-cycle Si{m) -k Sj{m)~^ . Since Uij is contractible this bundle 0-gerbe is trivial. Let the 
trivialisation be defined by a function Cij : D'^{M)ij —>■ U{1) which is a homomorphism 
with respect to the gluing of surfaces and is equal to for surfaces with no boundary. 
The function plays the same role as the section cTjj in the usual construction of the 
transition functions of a bundle gerbe. In a similar way we may define Cjk and Cik 
and form the products of these over Uijk- Consider the product eijCjkeik- This is 
defined on the fibre product D'^{M)ij D'^{M)ij D'^{M)ij. Consider an a general 
element of this space. First you glue together a surface with boundary Sj(m) -kSj{m)~^ 
and one with boundary Sj{m) -k Sfc(m)~^ This forms a new surface with boundary 
Si{m) -k Finally we glue this to another surface with the same boundary, 

thus giving a surface with no boundary. Using the gluing properties this means that 
the result of the product is the holonomy around this surface. We claim that this is 
equivalent to the construction in [3T]. 

The bundle gerbe connection on D'^{M) is A = ev*uj where S G D'^{M). To get 
a local expression we consider again the bundle 0-gerbe on Uij obtained by pulling back 
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with (sj, Sj). To get a local formula we pull back using a section Sij : Uij D'^{M)ij. 
This section takes x G Uij to a surface Ej^ with boundary Si -k sj^. Given a vector 
V G Tj:(M), the vector Sjj^f is a vector field on Sij{x). Suppose we parameterise Ejj 
with s and t. Then the pull back is uj{sij^v{s,t),ds,dt). The construction in pi] 

involves taking the holonomy around the surface Sjj. We write this as Jx -^ where 
Xij is the 3-manifold bounded by Ejj which is defined by the family of surfaces given 
by lifting the curve, q, defining v with Sij. Taking the derivative with respect to k, the 
parameter giving the endpoint of q, we get 



d f 

uj{sij{q'{u)){s,t),ds,dt) = / uj(sij^v{s,t), ds, dt) (7.21) 

u=0 



dk 



and hence our connection is the same as that in [31J. 

The curving may be dealt with in a similar way. We start with the 2-form on VqM, 
Jj ev*uj and pull this back to Ui with Si, and then evaluate at a pair of vectors v = q'{0) 
and w = r'(0). This gives JjUj{si^.u(t),Si^wit),dt). In [31j the approach is to take the 
holonomy over a surface E, which is defined in the following way. Locally the vectors v 
and w are extended to vector fields defined by commuting flows. These flows consist of 
families of curves, and r.^ where g^(0) and r^(0) give the elements in the respective 
vector fields at the point m. Thus we have q'^{0) = v and r^(0) = w. Furthermore 
these flows commute, that is, qr{i){k) = T5(fc)(0- The vector Si*f is defined by a path of 
paths which forms a surface bounded by Sj(x), q^ and Si{qx{k)). Similarly associated 
with Si^w is a surface bounded by Sj(x), and Sj(r^(/)). To get a closed surface we 
make similar constructions at the point qr{i){k) = rg(^k){i)- This gives a surface which is 
a cone from to the surface Ig^^n (to use the notation of ^T]) bounded by qx,rx, qr{i) 
and rq(fc) with appropriate orientations. This cone defines the surface Ej and we denote 
the enclosed volume Xj. The holonomy over Ej may be expressed as Jx-^- We may 
parametrise Xj by / x [0, k] x [0, /] where the last two give a parametrisation of the 
discs in the cross section of the cone and / parametrises the length. Taking the partial 
derivatives in k and / then gives 



d 



I rk 




uj{sM'As))it). s,{ri{u)){t),dt) = / uj{si,,{t),Si,^{t), dt) (7.22) 



dkdlJJ, 7o ^ " ' J I 



Thus our definition of a bundle gerbe reconstructed from holonomy agrees with the 
definition of a gerbe given in |31j. 



7.4 Reconstruction via Transgression 

The techniques of the previous section do not easily extend to the case of bundle 
2-gerbes since the construction of the local data from sections becomes quite compli- 
cated. Another problem is that we have only been able to deal with base manifolds M 
which are 1-connected. Instead we use transgression formulae to approach holonomy 
reconstruction. 

Recall that in ^(i.ll we noted that the parallel transport of a bundle 0-gerbe gives 
a bundle over M which is D-stably isomorphic to the original bundle. This gives 
us an alternative way of calculating local data using transgression formulae. Let us 
consider the bundle gerbe case first, assuming for now that M is 1-connected. Given a 
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bundle gerbe on M with corresponding holonomy map H : S^{M) — > U{1) we wish to 
show that the following bundle gerbe, with connection ev*u! and curving Jj ev*LO is 
D-stably isomorphic to the original one with curvature lo: 

U{1) 

H 
/ 

i 

LoM =^ VoM 
i 

M 

We do this by using transgression to find the local data for this bundle gerbe. First we 
consider only the transition functions. The transition functions for the bundle 0-gerbe 
(if, D^(M), LqM) are those obtained by transgression to the loop space, G{to,po)iti,pi)- 
We define functions on VqM by the same formula, and denote these by h{i^^^p^)(tj,pj) or 
just hij. These functions satisfy 

hij{iJLi)hJ^{lJL2) = GQi{iJLi-k n'^^) (7.23) 

whenever pj and pj agree with po and pi on the boundary. Thus by similar arguments 
to those used in the bundle 0-gerbe case we may use the open cover on VqM which 
is induced by the projection to M. Next consider what happens on 7r~^(?7Q,/3^) by 
calculating haphp^h'^}^. Let (pa,ta) denote any choice of {p,t) such that Pa{v) = ol 
where v is the endpoint of the path. Then we have 

haphp^Kj = ®^pX1 / ^Pc{e)pg{e) + ■^pi}{e)p^{e) " ■^pc{e)pj{e) ' W^9 pl(e)pc{y)pg{v) 
e ''^ v,e 

9 pa {e)pp {e)pg {v)9p^ (e)pg {v)p-f (v) 9pg {e)pj (e)p^ (v) 9pc {e)pa {v)P', (v) 9 p^ (e)pj {e)pj {v)i'^) 
a {e)pf} (e)p^ (e) fl'pa (e)pa {v)pi3 {v)9pc {e)pg {e)pg {v) 9 p^ (e)pi} {y)p^ {y) 9pg {e)p-, {e)p~f {v) 

v,e 

9 Pa (e)pa {v)pj (v) 9p^ (e)p^ (e)p^ {v)^^^ 

^Yl9pX)pg{v)pj{v)i'") 

v,e 

(7.24) 

where the last line is obtained by repeated application of the cocycle identity on g. It 
is not difficult to see that this descends to M, so we have h^ph'^^ha-yip) = 9af3'y{T^{l^))- 
We need to show that these are transition functions for the bundle gerbe described 
above. So far we have 

Goi{pi^ -kp2) = h~l{pi)Kp{p2) (7.25) 
Klh~p},K^{pi) = gap^{n{p2)) (7.26) 

Since we wish to avoid using local sections we shall prove directly that this gives the 
obstruction to this bundle gerbe being trivial. First suppose that there exists a bundle 
gerbe trivialisation. This means that there exist functions Qa/s such that 

Goi{Pi^icp2) = q~^{pi)qap{p2) (7.27) 
Qapq^^Qai i^^i) = 1 (7.28) 
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Consider the functions h'^qap on VqM. Since h'^lqap{lJ'i)hapqal{.l^2) = GoiGq/ = 1 
these functions descend to M. On M we have S{h^^q~^)aj3'Y = 5{h^^)aP'Y = gap-y, thus 
g is a trivial cocycle. Conversely if g is trivial then let ga/s-y — gapgp-yga^- On VqM 
the functions h~p{ij)ga0{n{p)) are globally defined and are transition functions for a 
bundle which trivialises the bundle defined by G. 

Next we show that the connection may also be reconstructed by this method. We 
need to show that the connection ev*uj corresponds to the original connection A. 
Transgression gives a formula for Bt^^pg, which are local connection 1-forms on Q^(M). 
These are defined by 



TT*Bo — dlogh 



- [ ev*uj (7.29) 



Note that the term dlog ho is trivial when considering this as a connection on the 
bundle over LqM, so we see that the one forms —Bq are local representatives for the 
connection. Over VqM we have 1-forms —ka induced by the extension of Bq from loops 
to paths. These satisfy S{ka) = Bq whenever po{v) = a where v is the endpoint of the 
path. The bundle gerbe connection is trivial if these form a connection on VqM, that 
is, if ka — kfj = dloghaf}- If these are not equal then they differ by a 1-form which 
descends to M which is the local representative A^p of the bundle gerbe connection. 

In terms of transgression formulae we have 



ka{i) = ^ hifpc.{e)+^-i^Ap^{e)p^{v) (7.30) 

Jlog/le«/3(0 = ^ j ^iifpsie)- fp^[e)) (7.31) 

e 

+ X] ^^iApc{e)Po.{v) + ^p„(^;)p;3M - Ap0{e)pp{v)) (7-32) 
v,e 

{dlog haf3 -kf) + ka){0 = X] f'iApc{v)pp{v) (7.33) 

v,e 

= AapiO (7-34) 



Thus we have reconstructed the local representative of the original connection. 

The local curving is given by / — dka, the extent to which the curving fails to be a 
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curvature for the connection ka- 

dka{i, y) = d{ka{l^)){^) - d{ka{0){u) - L[(.^u\ka 

= ^ / di^t'ufpie) + '-e'^li//p(e) - dl^l^fp(^e) " iud^fp(e) " l[e,i/]/p(e) 

e 

v,e 

= ^ / dL(^Lyfp{e) + L^li//p(e) " di^lyfp^e) " li/L^/p(e) + - l[5,zy]/p(e) 

e 

+ ^ -li/l7;/p(e) - L^li/^p(e)p{t;) + li/Lg Ap(e)p(^) - lu^fpiv) 
v,e 

+ ^u^fp{e) + t-[S„u]Ap(e)p{v) 

(7.35) 

therefore the local curving is given by as required. 

In trying to deal with the case where M is not 1-connected we still have the problem 
that D'^{M) LqM is not well defined. It has been noted that in this case the 
holonomy map may not be used to reconstruct the bundle gerbe, instead reconstruction 
is given in terms of a parallel transport structure. We may think of this as equivalent 
to a transgression line bundle on the loop space. If we start with a bundle gerbe P 
then there is a transgression bundle L on the loop space regardless of whether M is 
1-connected. Using this we define a bundle gerbe 

L 

i 

i 

M 



with curving defined once again by Jj ev*uj. The same arguments used in the previous 
case apply to prove that this is equivalent to the original bundle gerbe. 



7.5 Reconstruction of Bundle 2-Gerbes 

Let P be a bundle 2-gerbe on M, a 2-connected manifold, with holonomy function H : 
S^(M) —> U{1) and curvature 9. We may apply the techniques of the previous section 
to prove that the original bundle 2-gerbe may be reconstructed from the holonomy 
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using the following diagram: 



51 

H 
/ 

S\M) ^ D\M) 
i 



I 

LqM =^ VoM 
i 

M 



with connection, 2-curving and 3-curving given by 



A = / ev*Q (7.36) 



r] = / ev*Q (7.37) 
ev*e (7.38) 



We know from the previous results on reconstruction that the bundle gerbe over LqM 
is that obtained by transgression in ^6.4[ We recall the local data on LqM: 



G012 = exp(^ / - 

e,b •'^ v,e,b 

^PO (e)pi (e)p2 (e)p2 (v)^"^^ 
po(e)pi{e)pi{v) ~ ^po(e)po(f)pi(t')) 



e,b ^ v,e,b 
Co = / -lu^T^poie) + ^ -lu^rip^(e)po{v 



v,e,b 



We extend these to VqM where they are locally defined. As usual they are independent 
of the choice of p up to the choice on the boundary so we may express them in terms 
of the open cover induced from the base, {Ga/3-y, Ba-y, (a)- The D-trivial bundle 2-gerbe 
obtained from applying —D to this local data descends to M to give the local data 
for the bundle 2-gerbe described in the diagram above. We now calculate this data to 
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show that it is the same as that for the original bundle 2-gerbe with holonomy H. 

G/jjS^a-ysG^pgGap-y = exp(^ J ^Pt}{e)p^{e)ps{e) " ^p„{e)p^{e)ps{e) + ^pa(e)p^(e)/95(e) 

~ ^Po^{e)Pi3{e)Pf{e)) ' Y\.9 

^H9pc.ie)p,ie)p^{e)ps{e)S{g 
v,e 

9 Pa {e)pp {e)p^ {e)p~f (v) ) a/SyS 

~ ^\^9pa{v)pi3iv)p~f{v)ps{v) 

v,e 

— ga/SyS 

(7.39) 

{-dlogGaPy - S{B)aPy){0 = ^HdApaie)pp(e)p.y(e) + C^lC^pc(e)p^(e)p^(e) + ^9 

e v,e 

+ / ^€^P/3(e)P7(e) - HVpaie)p^ie) + l«^Pc(e)p^(e) + 

e "'^ v,e 

= ^Hi^Pa(e)ppie)p-,ie) + dl0ggp^(e)paiv)ppiv)p-,iv) 
v,e 

- d^<^S9pa{e)p0{e)p0{v)p^{v) + dloggp^^e)p0^e)p^^e)p^^v) 

~ ^i^Pa{e)pf}{e)p0{v) ~ ^pa{e)pa{v)pf}{v)) ap-y) 

Pa {y)pp{v)p^{v) 

v,e 

(7.40) 

{dB^P - 5(C)a^)(C, ^) ^ XI / ~^«'^^'^^P«(e)p,3(e) " dl^lur)pa{e)pp{e) + ^ud^'npa{e)pp{e) 

e "'e 

+ d^uHVpa(e)pp{e) + l[?,i^]^Pa(e)p^(e) + 

v,e 

e v,e 

^ '^^''HVpa(e)pp{e) + ^u^dAp^(^e)p^(e)ppiv) " iu^dAp^(^e)pa(v)pi3{v) 
v,e 

+ ^^H'np0{e)p0{v) - iu^Vpa{e)pa{v) 

= ^^^kVpa(v)pp{v) 

v,e 

(7.41) 



-dCai^: i/, /X) = X / l^l^l5Cil/p„(e) + dl^l^l^Up^^e) + +^'^W^dr]p^^e)pa{v) 

e v,e 



(7.42) 
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If M is only 1-connected then we may reconstruct the bundle 2-gerbe from the 
transgression bundle on S'^(M). If M is not 1-connected then the bundle 2-gerbe may 
only be reconstructed from the transgression bundle gerbe on the loop space. These 
are both proven using the same calculations as above. 

We would like to briefly comment on Cheeger- Simons Differential Characters and 
their relation to holonomy reconstruction. Let Zp{M) denote the group of smooth 
singular p-cycles on M. A degree p differential character ([Hj, 0) is a t/(l)-valued 
homomorphism on Zp_i(M), c, together with a p-form, a, on M which satisfy the 
condition 

c{d'j) = exp / a (7.43) 

for 7 G Zp(M). These are classified by Deligne cohomology so there must be a one to 
one correspondence between degree 3 differential characters and D-stable isomorphism 
classes of bundle gerbes with connection and curving. The holonomy map satisfies 
equation ()7.43p on p-manifolds which are the boundary of a (p + l)-manifold, and the 
additivity property is similar to the homomorphism property of differential characters. 
We have seen that unlike differential characters a holonomy map is only sufficient 
to reconstruct the Deligne class under certain assumptions regarding the topology of 
the base. The difference appears to correspond to the distinction between smooth 
mapping spaces and simplicial complexes. Differential characters may be useful in 
further investigation of holonomy and Deligne cohomology however given that they are 
not needed for our applications we have not studied this in any further detail. 



7.6 Geometric Transgression 

In this section we consider some examples where we are able to give a geometric 
interpretation of transgression. These include lifting bundle gerbes and the bundle 
2-gerbe associated to a principal bundle. 

We begin with the more general case where rather than a fibre bundle over M we 
only have a fibration, Y — >■ M. 

Proposition 7.2. Let Y ^ M be a fibration with M 1-connected. Then the transgres- 
sion of a bundle gerbe (P, Y, M) to LM is the bundle 0-gerbe described by the following 
diagram: 

hol(P) 
/ 

LFPI ^ LY 
i 

LM 

The function hol(P) is evaluated with respect to the bundle gerbe connection A which 
is also a bundle connection on P. The connection 1-form on LY is given by J^^ ev* f 
where f is the curving 2- form on Y . 

This is a well-defined bundle 0-gerbe since the cocycle condition is satisfied due to 
the gluing property of holonomy. 
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Proof. We need to show that the bundle 0-gerbe described above is equivalent to 

/ 

i 
LM 

We do this by showing that the following bundle 0-gerbe is trivial: 

A 
/ 

S\M) Ly[2] ^ D\M) X LY 

i 

LM 

where the map A : ^^^^^^^ LyP] ^ jg defined by 

A(Ei, E2, /.I, /.2) = hol^^\s^(P, r, M) • hoV„^,)(P, F[2]) (7.44) 

where Si,E2 G S^{M) and //i,//2 £ LF. Note that the first factor is a bundle gerbe 
holonomy and the second is a bundle 0-gerbe holonomy. 
Define a trivialisation of A by 

= exp^(-/ + dkj) ■ hoV(J) (7.45) 

where J — > is a triviahsation of the bundle gerbe P over E. The second factor is 
well defined since // is a lift of 7 = 9E to y (this is where the assumption that y — > M 
is a fibration is required). This is independent of the choice of trivialisation since the 
difference is 

exp / {dkj - dkj,) ■ hoV(J* ® J') = \io\-Q^{L) ■ hoV(7r-^L) 

= hol;^(L)-hol^(L) 

where 7 = 9E = 7r(/i) and 7r~^L — J* ® J'. 

If we let J be a trivialisation over Ei#E2 with restrictions Ji and J2 to Ei and E2 
respectively then we have 

r^(Ei,^i)/(E2,//2) = exp / (-Z + d/cj) •hol^i(Ji) •hol^2(J2) 

^Si#S2 (7.47) 

= hol^^#E.(^, y. M) ■ ho\,„,,){P, yPl) 
We now show that the connection of the theorem is a bundle 0-gerbe connection. 

Sif ev*f) = [ ev*S{f) 
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/ ev*F 



cilog(hol(L)) = d{[ ev*A) 



ev*F. 
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□ 



We would like to use this result to examine the holonomy of a lifting bundle gerbe 
(see when M is 1-connected, 

G 

I 
G 

pS' ^ Po 
I 

M 

If we assume that this bundle gerbe has a connection and curving then immediately 
we see that the transgression to the loop space is given by the following diagram: 



S 



1 



hol{p*G) 



I 

LM 

It is tempting to apply the functorial property of holonomy here however the bundle 
gerbe connection may not be equal to the puUback of the connection on G since, in 
general, this does not give a bundle gerbe connection however there is a 1-form e such 
that (j)*A — e is a connection. Some explicit calculations of such 1-forms are given in 
pTTj . In terms of holonomy we have 

hol(0-^G; <j>*A - e) = ho\{<p-'G; <P*A) ■ /(e) 
= 0*hol(G; A) ■ /(e) 

where / : — > is defined by 

/,(e)=exp / 7*e (7.49) 

This is well defined since e is the difference between two choices of connection and 
thus descends to Pt^'. The connection on this bundle 0-gerbe depends on the curving 
chosen. Unlike the bundle gerbe connection there is no canonical choice. 
Now we turn to the case of bundle 2-gerbes. 

Proposition 7.3. The transgression to the mapping space S'^(M) of a bundle 2-gerbe 
(P, Y, X, M; A, rj, i/) such that Y ^ M is a fibration with simply connected fibres and 
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M is 2-connected is given by the following diagram: 

hol(P;r),!/) 
/ 

i 

S\M) 

The connection is given by jj, ev*^. 

Proof. This is proven using an argument that is similar to that used for proposition 
17.21 The stable isomorphism is given by a function / : D^{M) x„ S'^{X) U{1) which 
is defined by 

Z(A, S) = exp / {-u + djn) ■ hoh{R) (7.50) 

where i? is a trivialisation of the bundle 2-gerbe over A G D^{M), which defines a 
bundle gerbe over X/^ and the second term is the holonomy of this bundle gerbe over a 
closed surface. We require the connected condition on the fibres so that lifts of surfaces 
to X are well defined. The proof now follows that of Proposition 17.21 □ 



Now we would like to apply this to the bundle 2-gerbe of a principal G-bundle 
where G is simply connected. Recall that this bundle 2-gerbe is defined in the following 

way: 

(i?,y) 

G 

pS' ^ Pa 
i 

M 

where ^ M is a principal G-bundle, p : Pq ^ G is the usual map to the group 
element which acts on p2 to give pi and {R, Y) is a bundle gerbe over G. On the 
puUback bundle gerbe p~^R the pull back connection may be used as the bundle 2- 
gerbe connection, however the curving may not be a bundle 2-gerbe 2-curving. It is a 
result of Stevenson |H] that given a curving on a bundle gerbe over y'^^ it is possible 
to make it into a bundle 2-gerbe 2-curving. This involves subtraction of 7r*e where e is 
some 2-form on F'^l We will provide a detailed calculation of such an e for a specific 
example in §8.21 

Proposition 7.4. Let {p^^R, p^^Y, Pq, M) be a bundle 2-gerbe associated with a prin- 
cipal G-bundle Pq — ^ M over a 2-connected base M and a bundle gerbe with connection 
and curving {R, Y, G; 7], A) Then the transgression to S'^{M) is the bundle 0-gerbe given 
by the following diagram: 

p*hol{R;A,'n)-I{e) 
/ 

i 

S\M) 
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where /(e) is the -valued function on S'^{Pq ) defined by I{e){'i/j) = exp J il:*e. 
Proof. This follows easily from the previous discussion and the bundle gerbe case. □ 

7.7 Gauge Transformations 

We would like to define gauge transformations for bundle gerbes and consider their 
effect on holonomy. Since a gauge transformation of a bundle gerbe is basically a 
stable isomorphism of a bundle gerbe with itself it is no surprise that it turns out to be 
invariant under holonomy however it is of interest to see how this invariance arises in 
the bundle gerbe context. This will be of interest in subsequent applications of bundle 
gerbe theory. 

Bundles and Bundle 0-Gerbes 

We recall some basic facts about gauge transformations of t/(l)-bundles. 

Definition 7.1. A gauge transformation of a principal G-Bundle is an automorphism 
of the total space which covers the identity on the base space. 

The automorphism property guarantees that a gauge transformation preserves fi- 
bres, hence for any gauge transformation : P — > P we have a map : P ^ G 
defined by 

Since (l){pg) = 4'{p)g then we have g^{pg) = g^^g^{p)g- We are interested in the case 
where G — C/(l), so this becomes g(j,{pg) — g<j)ip), that is, g^j) is constant on fibres, so it 
induces a map g^ : M ^ G. 

Suppose we have a connection A on the [/(l)-bundle P M. Pulling back by the 
gauge transformation gives 

<t>*A^A + g^^dg^. (7.52) 

To generalise to the bundle gerbe case we first consider bundle 0-gcrbcs. Recall that 
to each bundle P — > M we can associate the following bundle 0-gerbe which has the 
same Deligne class: 

m 

p 

/ 

p[2] ^ p (7.53) 
i 

M 

where the map p : P^^ — > is defined by p{pi,P2) — g where p2 — Pig. Equivalently 
we can identify P^^^ with P x in which case p is simply the identity map on S^. 
Given a general bundle 0-gcrbc (A, Y, M) a gauge transformation should obviously 

be a map (f) : Y ^ Y such that tt o = tt however the condition (f){pg) = <p{p)g 
cannot be used here as in general we don't have a group action on Y. Instead we need 
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a condition on the map 0^^' : F'^^ F'^^ and X : Y^"^^ . Consider again the bundle 

0-gerbe {p,P,M). Applying to P^^l we have 

p{(j)^^\pi,P2)) = p(0(Pl),0(P2)) 

= p{(f>{Pl),<P{Plp{Pl,P2))) 
= p{<l>{Pl)A{Pl)p{Pl,P2)) 
= P{P1,P2) 

This suggests the following 

Definition 7.2. Let (A, Y, M) be a bundle 0-gerbe. A gauge transformation of (A, Y, M) 
is a smooth map (p : Y ^ Y which satisfies the following conditions: 

IT O (f) = TT (7-54) 

Ao0[2] =A (7.55) 

Let A be a bundle 0-gerbe connection 1-form on Y. This means that A satisfies the 
equation 6{A) = dlogA. The gauge transformation (p may be used to construct a map 
(1, 0) : F ^ ^i^jg j^^p p^^ii ^(^^)^ 

(l,0)*5(A) = (l,0)*(7r*-<)A 

= (7r2 o (1, 0))M - (tti o (1, 0))*A (7.56) 
= 0*v4 - A 

thus we have 

(l)*A = A+ (1, (l))*6{A) = A+{1, (pyd log A (7.57) 

We would like to compare this result with equation ()7.52|) . By definition p{p,4>{p)) = 

g(j){p), so this immediately shows the equivalence of the two equations. 

The function (1, 0) may also be used to define an S^-function (1, 0)*A on Y. 

5((1, 0)*A)(yi, y^) = 0(i/i))A(t/2, 0(1/2)) 

= A(0(yi),?/i)A(?/2, 0(1/2)) 

= A(0(?/l), 0(?/2))A(0(y2), yi)A(?/2, 0(2/2)) 
= A(0(?/i),0(?/2))A(y2,2/l) 
= A(yi,?/2)A"^(?/l,?/2) 

= 1 



therefore the function (1,0)*A descends to M. Note that once again this function has 
similar properties to g^i,. We shall denote the function on M by Xcf,. 

Finally we calculate the holonomy of the bundle 0-gerbe (A, Y, M) with respect to 
the transformed connection (j)*A. To do this we need the D-obstruction form. In general 
for bundle 0-gerbes this is given by A^ — dlogh^ where A^ are the local connection 
forms and is a trivialisation. In this case to get the connection we use a local section 
of y ^ Af to pull back the right hand side of ()7.57|1 giving 

sl{A + 'K*d\og\^) = A^ + d\og\^ (7.59) 
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The holonomy is then given by 



H{{g, (f)*A );-f) = exp / - dlogha + dlogX^ 

J 'y 

= //((^,^);7)-exp [ dlogX^ ^^'^^^ 

J y 

So the gauge transformation leaves the holonomy unchanged. This result is not so 
surprising if we consider that the difference of the Deligne classes {g, A) and {g, (f)*A) 
is {l, d\og\^ ) = D{\^. 

Now we consider parallel transport. If /j, is an open path in M then recall that the 
holonomy function now depends on the choice of trivialisation, 

H{{h,(f)*A);ii) ^ exp / A^ - dloghg + dlogX^ 

= i/((A,A);/.)-A^^(MO))A^(Ml)) 

Thus the gauge transformation contributes an extra term to the Deligne cochain on 
Map(/; M) obtained by transgression. If we apply D to this cochain to get a bundle 
then the extra term will cancel out as it doesn't depends on the choice of trivialisa- 
tion. The local connections on this bundle will pick up an extra term tj(^(i))(ilog — 
tg(^(o))(ilog A^, however, just as on the original bundle this difference is D-trivial. 



Bundle Gerbes and Bundle 2-gerbes 

We shall extend the concept of gauge transformation to bundle gerbes and bundle 
2-gerbes. We shall refer to these collectively as bundle n-gerbes where it is to be 
understood that n = 0, 1 or 2. 

Definition 7.3. Let (P, Y, M) be a bundle gerbe. A gauge transformation of (P, Y, M) 
is a smooth map : y — > y which satisfies the following conditions: 

TT O (f) = 71 (7.62) 

0[2]*(p^y[2]) _ (p,r[2l) (7.63) 

with the second condition involving a choice of isomorphism of bundles, 0, over yPl 
which preserves the bundle gerbe product. 

Similarly, 

Definition 7.4. Let (P, Y, X, M) be a bundle 2-gerbe. A gauge transformation of 
(P, F, X, M) is a smooth map cj) : X ^ X which satisfies the following conditions: 

7ro0 = TT (7.64) 
(/)[2l*(P,y,X[2l) = (P,y,J^t'l) (7.65) 

with the second condition being a choice of stable isomorphism of bundle gerbes, 
over Xt^l, which preserves the bundle 2-gerbe product. 
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The next step is too see how the various connections and curvings transform. We 
begin with the 2-curving for a bundle gerbe. This situation is similar to that of the 
bundle 0-gerbe connection. If we denote the curving by 77 then following ()7.5fi|) we have 

{l,4>y6{r])=4>*r]-ri (7.66) 

so 

0*r/ = r/ + (l,0)*F (7.67) 

where F is the curvature of the bundle P F'^l Next we consider the bundle (1, (j))^^P 
over Y . 

(t)T^P){yi,y2) = P{yi,Hyi)) ® ^fc .0(5/2)) 

= P{<i>iyi),<Piy2)) ® P{<t>{y2),yi) ® ^(y2,?i(y2)) (^-68) 
= Pi<t>{yi),4'iy2)) ® P(yi,y2) 

Thus we see that (1,0)~^P is a trivialisation of the bundle gerbe P* </)[^]*P. More 
importantly observe that we have an isomorphism of bundles, 



5{il,(P)-^P) =(P^^^*P0P* 
= P® P* 



(7.69) 



therefore (1,(J)) ^P descends to a bundle on M which we shall call P^ 

^(1 



There is a connection V(i,<^)-ip on (1,0) ^P which satisfies 



5(V(i,^)-ip) = V^[2],p ® (7.70) 

On the right hand sides we have two choices of connection on isomorphic bundles, so 
they differ by a 1-form a on y'^^ such that da = 0[^1*P — F. Over Y we may compare 
the connections on tt^^P^ and (1, (j))^^P. These differ by a 1-form f3 on Y. Furthermore 
since 6(V.„-ip^) = we have 6{P) = a. The curvatures of these two bundles are related 
by 7i*F^ + dp = (1, 4>)*F. We may now express ()7.67|) in terms of F^, 

<P*r] = 7] + n*F^ + df5 (7.71) 

We also have the relationship between the connections, where (f)*A refers to the induced 
connection on 0[^1*P, 

(t)*A = A + 7r*p6{f3) (7.72) 

We may interpret these results in terms of D-obstructions. The bundle gerbe (jP''^*P®P 
has a trivialisation (1,0)^^P which is not necessarily a D-trivialisation. The obstruc- 
tion is given by a 2-form x on M such that locally 7r*x = rj ~ Fl where Fl is the 
curvature of the connection on the trivialisation. In this case F^ = djS, so the D- 
obstruction form is P^. This means that the D-obstruction form is trivial and so the 
two bundle gerbes 0[^]*P and P are D-stably isomorphic. Thus we expect the holonomy 
to be invariant, as we shall see from explicit calculations. 

We can now work out the holonomy corresponding to the new connection and 
curving by considering the local formula. We may assume without loss of generality 
that the transition functions are equal, since introducing an extra factor from the stable 
isomorphism will be cancelled by an additional term in the connection. 
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Substituting 0*?] and (J)* A into the local formula for the holonomy of a bundle gerbe 
over a closed surface E gives 



\ b ''^ e,b ''^ 

^H{p;A,7])-expY^ [ F't> (^"'^^^ 
b "^^ 

= H{p- A, ri) ■ exp J 

where the (3 terms cancel due to Stokes' theorem and the usual combinatorial argu- 
ments. Since is a curvature we have 

Hir'P; <P*A, (P*r]) = H{p; A, r]) (7.74) 

so the holonomy is an invariant of the gauge transformation of a bundle gerbe. 

In the case where E has boundary, there are extra terms in the function H on the 
space of trivialisations, 

exp + V / /3,(e) (7.75) 

e,b 

These are independent of the choice of triviahsation so they do not affect the transition 
functions on the bundle over 9E. The local connections of this bundle gain an extra 
term /^^ t^F^ which is £)-trivial. 

For bundle 2-gerbes the situation is very similar. Let (P, Y, X, M; A, rj, v) be a 
bundle 2-gerbe and let be a gauge transformation. There is an isomorphism of 
bundle 2-gerbes 

by the same arguments as in the lower cases. We may give the triviahsation a connec- 
tion and curving which are compatible with 5. The 3-curvings satisfy 

0V = I/+ (l,0)*cu (7.77) 

where uj is the three curvature of the bundle gerbe (P, Y, X'^1) which satisfies uj = 5{i'). 
By similar arguments to the bundle gerbe case above, the bundle gerbe (1,0)~^P 
descends to a bundle gerbe P<^ on M with 3-curvature a;,^ which satisfies 

(1, (l))*u; = 7r*u;^ + d(3 (7.78) 

where P is the 2-curving of the triviahsation. Thus we see that o^^ is the D-obstruction. 
Since it is a curvature then the /^-obstruction is trivial and the holonomy of bundle 
2-gerbes is invariant under transgression, though as in the previous terms there will 
be a different choice of section of the bundle on the mapping space in the case with 
boundary. 

G-Gauge Transformations 

We have seen examples of bundle gerbes and bundle 2-gcrbcs, namely lifting bundle 
gerbes and the bundle 2-gerbe associated with a principal G-bundle, which have the 
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following general form: 

Q 
G 

/ (7.79) 
PgxG ^ Pg 
i 

M 

where J, / JJ- indicates that Q may be a bundle or bundle gerbe and p is projection onto 
the second factor of P x G which may also be thought of as the map P'^l — > G defined 
by P2 — Pip{Pi:P2)- We shall refer to a gauge transformation of the G-bundle P ^ M 
as a G -gauge transformation. 

Proposition 7.5. Let Q he a bundle (2-) gerbe as described above. A G -gauge trans- 
formation of P defines a gauge transformation of Q. 

Proof. Let : P — > P be a G-gauge transformation. By definition we have tto^/; = tt so 
we need only verify that there is an isomorphism of line bundles (or stable isomorphism 
of bundle gerbes) ilj^^'^*{p~^Q) = p~^Q. On Pl^l we have V'^^Kpi^Ps) = V''^'(Pi;Pi5'i2) — 
{ip{pi),ip{pigi2)) = {'ip{pi),'ip{pi)gi2)- So on P X G we have ij^'^^{p,g) = {ip{p),g) and 
51)) = g = p{p,g), therefore ip^'^^*{p~^Q) = p~^Q as required. □ 
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Chapter 8 
Applications 



We consider some applications of the various constructions in bundle gerbe theory 
which we have discussed to physics. 

8.1 The Wess-Zumino-Witten Action 

We shall review the bundle gerbe model of the Wess-Zumino-Witten (WZW) action 
as described in ^21- This example serves as motivation for the use of bundle gerbe 
holonomy to study topological actions. Furthermore the WZW theory plays a role in 
the discussion of Chern-Simons theory which follows. 

Following P2] the WZW action is defined as a function on the space of maps from a 
Riemann surface E to a compact Lie group G, which we denote by EG. This function 
is defined by the equation 



where X is a 3-manifold with boundary S, is an extension of ijj E SM to XM 
and u; is a closed 3-form which generates the integral cohomology of G. This is well 
defined as long as such a ip exists, for example if G is simply connected. In this case 
fl8.1|l is the holonomy of the tautological bundle gerbe with curvature u. When such 
a ip does not exist we may replace (jH.lll with the holonomy of any bundle gerbe with 
curvature u, though, as is observed in where similar constructions are made using 
differential characters, this bundle gerbe is not uniquely determined by u. Any two 
choices differ by a flat bundle gerbe which is classified by H'^{G,U{1)). To eliminate 
this ambiguity the action must be defined in terms of a full Deligne class rather than 
just the Dixmier-Douady class. This leads to 

Definition 8.1. Let a G H'^{G,V^) be a Deligne class. The WZW action evaluated 
on a map ip : T, G is the holonomy of the class a, that is, the flat holonomy of il!*a. 

If we represent a by a bundle gerbe with connection and curving (P, Y, G; A, rj) then 
the action may be written as 




(8.1) 



exp J il)*r] - Fl 
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where Fl is the curvature of a triviahsation of ijj*P. In this way each bundle gerbe 
with connection and curving over G defines a WZW action. This general form of the 
WZW action was given in terms of a transgression formula by Gawedski |23j . 

From [20] and j2Sl we see that when we attempt to define this action for surfaces 
with boundary we need to consider line bundles over the boundary maps, just as with 
holonomy. Recall that we start with the holonomy function on SG, which for each 
(J) G SG may be thought of as the evaluation of the corresponding flat holonomy 
class X- This function is extended to surfaces with boundary in such a way that it is 
multiplicative with respect to unions so that given two surfaces with the same boundary 
the product is equal to the holonomy of the combined surface. It turns out that such a 
function can in general only be defined locally on T,^G. These local functions are used 
to define a trivial bundle with connection which pulls back to to give a possibly 
non-trivial bundle with connection. The local data corresponding to this line bundle 
as derived in Chapter 6 agrees with the formulae given by Gawedski f^ \. 

In the case where G is simply connected then the theory of transgression of tauto- 
logical bundle gerbes tells us that the bundle on the loop space is just the bundle over 
LqG in the definition of the bundle gerbe. This is of the form 

p 

/ 

S^{G) ^ D^{G) 
i 

LqG 

Furthermore if G has an integral bilinear form < ., . > then we may write u; = — | < 
A [^^ A > where 9 is the Maurer-Cartan form and where we have used the same 
normalisation as [2111 • When G is simple we have H^{G^'L) = Z and it is generated 
by this uj. We know the connection and curvature of L since these come from the 
corresponding objects on the tautological bundle gerbe. The connection on D'^{G) is 
ev*uj and the curvature is J^i ev*uj. We would like to get more concrete expressions 
of a similar nature to those in [20] . To do this recall that for the Maurer-Cartan form, 
6, we have = C,. Consider the connection evaluated at H G T^{D'^{G)), 

L-^u = -\ I < (p'^dcf) A [(p'^dcp A > 

(8.2) 

2 , < H A [(f)'^d(f) A (f)'^d(f)] > 
For the curvature evaluated at vectors ^1,^2 £ ^7(^0^) we have 

HiH2^ = -I I < T^d-i A Yi'^d-i A 7"^c?7] > 



D Q JD 

1 



1 



6 _ 

o , ^6 < 6 A [7"'c^7 A 7"'rf7] > (8.3) 
^ Jsi 

= - / < [^1,6] A7"^c?7 > 

Proposition 17.11 implies that the hermitian lines over the loop space defined by the 
transgression of the WZW bundle gerbe give the standard central extension of the loop 
group 



114 



8.2 The Chern-Simons Action 



Our description of basic Chern-Simons (CS) theory follows Freed [201 and Dijkgraaf- 
Witten ^3]. We show that there is a bundle gerbe interpretation of the cases they deal 
with and see that it is useful for generalisation to more general theories. We show that 
the bundle gerbe CS theory reproduces the expected results when restricted to specific 
cases (usually relying on restriction of the group G such that it satisfies particular 
properties) . 

Let G be a compact Lie group and X an oriented 3-manifold. Let Pq — ^ X be 
a principal G-bundle with connection 1-form A. Define a 3-form on Pq, called the 
Chern-Simons form by 

CS{A) = Tr (A A dA) + ^Tr (A A A A A) (8.4) 

If the bundle Pg ^ X is trivial, with section s, then the Chern-Simons action associ- 
ated a 3-manifold X, is defined by 

exp [ s*CS{A) (8.5) 
Jx 

Ideally this should be independent of the choice of section. A change of section is given 
by a gauge transformation : Pg- — > Pq, or alternatively g^j, : Pg ^ G. Under such a 
gauge transformation the CS form transforms as follows, 

<j>*CS{A) = CS{A) + dTr {g-'Ag^ A g^'dg^) - ^Tr {g^'dg^f (8.6) 

This suggests that for the action to be independent of the choice of section we should 
require that the trace be normalised to make |Tr {g~^^dg^Y ^ 27r-integral form. 
If A extends over a 4-manifold W such that dW = X then the action is 

exp / Tr(FAF) (8.7) 
Jw 

Note that if the bundle is non-trivial then this definition of the action still makes sense 
as long as the bundle and connection extend over W. 

This situation very closely parallels the problem of defining the WZW action for 
general G f ^8.1|) and the problem of generalising the tautological bundle gerbe to get 
holonomy reconstruction f ^7.3|) . This suggests that a general definition of the CS action 
may be obtained by considering it as the holonomy of a bundle 2-gerbe. Furthermore 
the dependence on a principal G-bundle with connection suggests that we are interested 
in particular in a bundle 2-gerbe associated with a G-bundle. 

The Chern-Simons Bundle 2-Gerbe 

This construction is based on the bundle 2-gerbe associated with the principal bundle 
Pg- Thus we require that G is connected, simply connected and simple. A 2-gerbe 
of a similar nature was described in [7|. Our basic geometric structure is given in the 
following diagram 

p[2] ^ p 
i 

X 
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where p : Pq^ — > G satisfies pp{p,q) = q and Q[uj] is a tautological bundle gerbe 
associated with a curvature 3-form u on G. Following [7] we let u = kTr {g~^dg A 
g~^dg A g^^dg). Here the trace replaces the more general bilinear form we considered 
in the case of WZW theory. In this case we can set (3 = 3fcTr (g^^dgi A dg2g2^) and we 
have S{uj) = d(3 and 6{I3) = 0. Consider the following diagram: 

P^^^ ^ GxG 
i i 



Pj^' ^ G 



[2] ^ 

[2h 



We have u G and P eQ'^iGxG). We can pull these back to p*uj G n^{P^^) and 

G Now we have 5p*/3 = p*6/3 = therefore there exists e G (]2(Pg[2]) 

such that 6e = p*j3. On VL^{Pq^) we have the equation 

5{p*uj-de) =p*{6uj-d(3) = 

so we may define a G (^^(Pg) such that 

6a = p*uj — de. 

When we pull back the tautological bundle gerbe by p to P^ , the curvature pulls 
back to p*u!, however this is not adequate as the 3-curvature on our bundle 2-gerbe 
(meaning the 3-curvature of the bundle gerbe p~^Q[uj]) since this is not (5-exact for 
6 : Pg P(j ■ As we have shown above, subtraction of de will result in 5-exactness. 
This is a specific example of the general e referred to in proposition I7.41 The 2-curving 
of the bundle gerbe is given by 

dfj = Ti* p*uj — Ti*de 
= p*n*uj — dTT*e 
= p*dri — dTT*e 

where n is the curving of the tautological bundle gerbe. So let ?? = -n — 7r*e. 

Now we will find solutions for e and a. To do this we will identify Pg x G and Pq 

[si 

via the map {p, g) ^ {p, pg) . Similarly we have a map from Pg X G X G to P^' given 
by {p,gi,g2) ^ ip,P9i,P9ig2)- This will change the 6 maps. We want the following 
diagram to commute 

Pg^ ^ PgxGxG 

i I 
Pg^ ^ PgxG 

For each map tTj of 6 we will have a diagram which shows what the induced map from 
Pg X G X G to Pg X G should be. For ttq we have 

{p,P9i,P9i92) {P,9i,92) 

i I 

{P9i,P9i92) {P9i,92) 

For TTi, 

{p,P9i,P9i92) {P,9i,92) 

I I 

iP,P9i92) iP,9i92) 
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For 712, 

(p,P9i,P9i92) (P, 91,92) 

i I 

{p,P9i) {P,9i) 

These diagrams give us the following equations: 

MP: 91,92) = {P9i,92) 
T^i{p, 91,92) = {P,9l92) 
Mp^ 91,92) = {P,9i) 

Lemma 8.1. Let e E ^^(-Pg' x G) be defined by e = 3kTr {A A dgg~^) where A is a 
connection for Pq ^ X . Then 5e = (3 and thus 5{p*uj — de) = 0. 

Proof. We will omit 3k since it appears in all expressions. We need to evaluate Se = 
TTpe — TT^e + 712^. There are three types of pullback map that we will need. Let {Z, ^) G 
TPq X TG. Then p^Z = Z and g^^ = This leaves pg^^Z. Applying the chain rule 
gives the result pg*Z = Rg^Z + gf* where Rg is the right action of g and g^* is the 
fundamental field of g. We can now use the two defining properties of A, which are 
Rg^A — g'^Ag and A{g"f^) — g. Now we can write 

TToe = Tr {{g];^Agi - g^^dgi) A dg2g2^) 

nle = Tr{AAd{gig2){gig2)-') 

= lY (A A {dgig^' + gidg2g2^ g^^)) 

T^le = l^iAAdg^g^') 

Putting these together we have 

(5e = Tr(5fM^i Ad^2t/2"^) 

where Ad invariance of the trace has been used to eliminate the other terms. □ 

Now we can write down an expression for p*uj — de. The map p : Pq x G ^ G is 
defined by (p, g) 1— > g, so p*u! = lo. Applying 0? to e yields 

d^{ANdgg-^) = ^{dA Kdgg'^) -^{A Nd{dgg-^)) 

= -^{dAK dgg-^) - Tr{A A dgg'' A dgg-') 

Thus we have 

p*u! — de = kTr {g^^dg A g^^dg A g^^dg) — SkTr {dA A dgg~^) 
+ 3A;Tr {A A dgg'^ A dgg'^). 

Proposition 8.1. Let a e Q^{Pg) he defined by the Chern- Simons form 

2 

Tr (A A dA) + -Tr (yl A ^ A 

Then 

5{—3ka) — p*u! — de. 
and a is a 3-curving for the bundle 2-gerbe described above. 
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Proof. The map S is given by — where tti : {p,g) ^ p and 7:2 : {p,g) ^ pg- 
First we will calculate 'KlTr{A A dA). Recall that pg^Z = Rg^Z + g*. Throughout the 
following calculations we will make use of the Ad-invariance and the cyclic symmetry 
of the trace. We also omit the symbol A. 

pg*TI{A^dA) = Tr {{g'' Ag + g-'dg) A d{g-'Ag + g-'dg)) 
= Tr {{g-'Ag + g-'dg) 

A{-g-^dgg-^Ag + g'^dAg - g'^Adg - g'^dgg-^dg)) 
= -Tr {AAdgg-^) + Tr {AdA) - Tr {AAdgg'^) 

-IV {Adgg-'dgg-') - Tr {Adgg~'dgg-') + Tr {dAdgg-^) 
-Tr (Adgg'^dgg^^) - Tr (dgg'^dgg'^dgg^^) 
= Tr (AdA) - 2Tr {AAdgg'^) + Tr {dAdgg'^) 

-3Tr (Adgg-^dgg-^) - Tr {dgg-^dgg'^dgg-') 

pg*Tr{AAAAA) = Tr {{g-'Ag + g-'dg) A {g-'Ag + g-'dg) 

Aig-'Ag + g-'dgj) 
= Tr {AAA) + 3Tr {AAdgg'^) + 3Tr {Adgg'^dgg'^) 
+Tr (dgg'^dgg'^dgg^^) 

p*Tr {A A dA) = Tr (AdA) 
p*Tr {AAAAA)^Tr (AAA) 
Putting all of this together we get 

{pg* - p*)Tr {AAdA+'^AAAAA) = 

Tr (AdA) - 2Tr (AAdgg-^) + Tr (dAdgg-^) 

-3Tr {Adgg-'dgg-') - Tr {dgg-' dgg-' dgg-') + '^Tr{AAA) 

+2Tr {AAdgg-') + 2Tr {Adgg-'dgg-') + ^Tr {dgg-' dgg-' dgg-') 

-Tr {AdA) - ^Tr {AAA) 

Collecting terms gives 

IV {dAdgg-') - Tr {Adgg-'dgg-') - ^Tr {dgg-' dgg-' dgg-') 

which is the desired result. □ 

We call this bundle 2-gerbe with connection and curvings the Chern-Simons bundle 
2-gerbe. Its holonomy satisfies the properties of the Chern-Simons action, this shows 

Proposition 8.2. The Chern-Simons action associated with a principal G-hundle, 
where G is connected, simply connected and simple, may he realised as the holonomy 
of the Chern-Simons bundle 2-gerbe over a closed 3-manifold. 
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The real purpose of using bundle gerbe theory to approach this problem is to 
understand how it generalises when we relax the requirements on G in the proposition 
above. So far we have removed only the requirement that the bundle P be trivial in 
the original definition of the action. This is possible because defining the holonomy 
only requires that the bundle 2-gerbe be trivial, which is always true over a 3-manifold. 
The existence of a section of P implies this triviality however there exist trivial bundle 
2-gerbes for which such a section does not exist. 

Suppose we wish to allow G to be only semi-simple instead of simple. In this case 
we can still define the CS form using the Killing form on the Lie algebra. The difference 
with the simple case is that we may have 7^ Z. We can still define the CS- 

bundle 2-gerbe as above, the only difference is that the possible bundle gerbes over G in 
the construction do not necessarily account for all bundle gerbes over G. To allow non 
semi-simple groups we may replace the trace with an invariant quadratic polynomial 
on the Lie algebra, as in ^5]. If G is not simply connected then the tautological bundle 
gerbe on G must be replaced with a general bundle gerbe with curvature Tr {g~^dg)^. 
This may require additional data (such as a full Deligne class) since the bundle gerbe 
is no longer determined completely by its curvature. 

Using this interpretation we may consider further aspects of CS theory in terms of 
the theory of holonomy of bundle 2-gerbes. 

Chern-Simons Lines and Gauge Invariance 

For the purposes of this section we shall follow jSOj and set u = — |Tr {g^^dg)^ and 
e = —Tr{Adgg~^) so that the curving is precisely CS{A). 

It is a standard fact ([^DIjCSI) that given a 3-manifold, X, with non-empty boundary 
dX, the CS action cannot be defined as a function, rather it is a section of a line bundle 
called a Chern-Simons line. This is, of course, exactly what we would expect since we 
have interpreted the CS action as the holonomy of a bundle 2-gerbe. We shall give 
arguments as to why the line bundle corresponding to the transgression of a bundle 
2-gerbe as described in Chapter 6 above is the same as the CS lines described in [20] 
and [H]. 

Recall that Proposition 17.41 tells us that when M is 2-connected and G is simply 
connected the transgression of the bundle 2-gerbe associated with a principal bundle 
is described by the following diagram: 

p*hol(QH)-/(e) 
/ 

S\Pg) X S\G) ^ S'iPc) 

I 

S\M) 

For purposes of comparison it is useful to describe the fibres of the line bundle which 
may be obtained from this bundle 0-gerbe. Over E G S'^(M) the fibre consists of 
elements of an equivalence class [S,6'], where S is a lift of S to Pg and 6 & S^, and 
the equivalence is given by [Si,hol(2^ E2)(p~^QM)] ~ [^i' -'-]• '^^e trivial bundle over 
X, where dX = E is obtained by pulling back this bundle using the restriction to 
the boundary. A trivialisation is given by the extension of the holonomy function on 
53 (M). 



119 



We now recall some earlier results on gauge transformations which are relevant 
here. By Proposition 17.51 any G-gauge transformation on Pq — > X is also a bundle 
2-gerbe gauge transformation, so we may apply the results of ^7.71 to examine gauge 
invariance of the CS action. In the case of a closed 3-manifold the gauge invariance of 
the holonomy implies the same for the CS action. In the case with boundary there are 
two additional terms in the section of the trivial line bundle, 

/ uJ^-Y, [ (8.8) 

Recall that is the 3-curvature of the bundle gerbe (1, (p)^^ p^^Q[ui\. Since po (1, 0) = 
this is just Tr [g'^^dg^Y. Recall also that the 2-form j3 arises from the failure of the 
curvature of (1,0)~^Pg' to descend to a curvature on M. In this case the former is 
(l,0)*(p*to' - de) = g^u - rf(l,0)*e. Observe that 5{g*^u) = AdgUj - u; = by the 
invariance of the trace, so this part descends and (3 = (1, 0)*e. For e = Tr {Adgg^^) we 
have (1, 0)*e = Tr (Ac/gf^^f^"^), so the section changes by 

exp( / -^Tr (g^'dg^)' + / Tr {A^^.^dg^g^')) (8.9) 

where we have used the fact that 5{dg^g^^) = 0, so only A need be expressed in local 
form. If the G-bundle Pg — M is trivial with section s then we recover proposition 
2.10 of [201, where the section changes by 

exp( / -^Tr [g^'dg^f + / Tr {s*Adg^g^')) (8.10) 
Jx -J JdX 

We may now compare our construction of the CS lines with that of Freed [20^ . Suppose 
the bundle Pq Y is trivial where F is a closed 2-manifold. We think of Y as the 
image in M of an element of Map(E, M). Each choice of a section Y — » Pg gives a 
lift Y. Let Si and S2 be two such choices with corresponding lifts Yi and Y2. There 
is a G-gauge transformation, 0, which gives the difference between these two sections. 
The pair (^1,^2) e (SP^)'^^ is then equivalent to (Fi,^^(fi)) G SPg x EG. Thus we 
have p(Yi,Y2) = g^{Yi), though it should be kept in mind that the Y2 dependence is 
contained in the definition of 0. If we let Y = dX then the equivalence relation in 
the definition of the line bundle is given by the function (j8.10j) . which is used in an 
analogous way in the construction of the line in |2()j . 

Viewing CS theory from a bundle gerbe point of view it is no surprise that the WZW 
action arises when we apply gauge transformations. The CS bundle 2-gerbe includes 
a bundle gerbe over G with curvature Tr{g~^dg)^ in its definition, this is the bundle 
gerbe which produces the most common form of the WZW action (that is, the one 
obtained when G is simple) via its holonomy. That the holonomy of this bundle gerbe 
should be relevant here follows from the results on the effects of gauge transformations 
on holonomy. 

Relationship with the Central Extension of the Loop Group 

In the previous section we considered the transgression of the Chern-Simons bundle 
2-gerbe to a line bundle on S^{M). We have also seen ( ^6.4|) that it is possible to 
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transgress a bundle 2-gerbe to a bundle gerbe on the loop space. We are interested 
here in the case where G is simply connected, so the only bundle gerbe (up to D-stable 
isomorphism) is the tautological one. In the case of the CS bundle 2-gerbe we get the 
following bundle gerbe: 

[ 
hG 

hp 

/ 

LP X LG ^ LP 
i 

LM 

where r5i(Q[a;]) is the loop space transgression of the tautological bundle gerbe on 
G. Recall (see proposition 17.11) that this transgression is isomorphic to the bundle 
corresponding to the central extension LG LG, so we have 

LG 

i 
LG 



LPg 
i 

LM 

This is the lifting bundle gerbe which describjss the obstruction to lifting the structure 
group of the bundle LPg — > LM from LG to LG. This result is given in terms of gerbes 
in m and 

In conclusion, we have seen that the standard Chern-Simons action may be inter- 
preted as the holonomy of a bundle 2-gerbe. Just as with WZW theory, this allows 
us to understand the failure of the action to be well defined in the general case, that 
is, when there is no section of the G-bundle or it cannot be defined as an integral of 
a 4-curvature. These features are key characteristics of holonomy. A number of other 
features of the theory have been explained in bundle gerbe terms. In ^3] more general 
theories are discussed in terms of general WZW theories. In terms of bundle gerbes 
these could be interpreted as a generalisation of the associated bundle gerbe to a case 
where the bundle gerbe on G is not tautological (an example that was similar to this, 
L U J was described in section . Even more generally differential characters are 
used, since these correspond to classes in Deligne cohomology this suggests that bundle 
2-gerbes can play the same role. 

8.3 D-Branes and Anomaly Cancellation 

In ^T] it is shown how to use bundle gerbes to cancel anomalies in D-brane theory. 
Here we concentrate on the local aspects of this approach as an application of the 
holonomy of bundle gerbes. 



/ 

LPg X LG ^ 
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The basic situation described in is that we have actions which are functions 
associated with maps of a surface with boundary, E, into a manifold M with subman- 
ifold Q such that 9S C Q. The submanifold Q is referred to as the brane. The action 
turns out to be a section of a trivial line bundle on EM. This should come as no 
surprise by now since we have seen examples of actions which behave as holonomies 
and this is precisely the behaviour we would expect from the holonomy of a bundle 
gerbe. This failure of the action to be a well defined function is called the anomaly. 
Anomaly cancellation involves the introduction of an extra term (or terms) such that 
together they define a function. Our approach is guided by the knowledge that two 
trivialisations differ by a global function, so to cancel the anomaly we need to find 
another trivialisation of the bundle on SM. The general technique for doing this is 
as follows. Recall that if we transgress a bundle gerbe to the loop space then we can 
obtain the trivial line bundle over EM by pulling back the line bundle on the loop space 
with the map d : SM LM, which is induced from the restriction to the boundary. 
Suppose we have a term in the action which corresponds to a section of the trivial 
bundle over E corresponding to the transgression, L LM, of a bundle gerbe, P on 
M. If we can find another bundle L' on the loop space which is isomorphic to L then 
the product L ® L* will be trivial, and this trivialisation will induce a trivialisation 
of d~^L ® d~^L * . Thus the combination of the usual trivialisation of the pull back 
of L' to EM and and the trivialisation of the product bundle on LM will cancel the 
anomaly. Furthermore the functoriality of transgression tells us that a suitable bundle 
L' may be found via the transgression to LM of a bundle gerbe P' with the same 
Dixmier-Douady class as P. This bundle gerbe P' is known as a S-field in the physics 
literature and the requirement that dd(P) = dd(P') leads to a natural division of the 
anomaly cancellation problem into three distinct cases. 

First we consider the situation described by Freed and Witten as interpreted 
in JT]. In this case the first term in the action is derived from the transgression of 
a torsion bundle gerbe, that is, a bundle gerbe with a torsion Dixmier-Douady class. 
The Deligne class of this bundle gerbe is determined by the second Stiefel- Whitney 
class, W2 G if^(M, Z2), of the normal bundle to Q. This class determines a Deligne 
class (wq,/3^,0,0) where Wap'^ G if^(M, f/(l)) is induced by the inclusion Z2 C U{1). 
Let Pw2 be a bundle gerbe which is classified by this Deligne class. 

The 5-field is defined as a triple ((70/37 , k^p, Ba) which defines a Deligne cohomology 
class and hence a D-stable isomorphism class of bundle gerbes (note that S is a 2-form 
field). Let Pb be a representative of this class. In this case we specify that the Dixmier- 
Douady class of the -B-field is equal to that of the torsion bundle gerbe described above. 
Thus the two transgression bundles on the loop space are isomorphic and there exists 
a section which may be pulled back to EM to cancel the anomaly. We wish to get a 
local expression for this term. 

The product P^®Pb is represented locally by the Deligne class {gap-yWap-^^ ^^p, Ba). 
The local formula for the transition functions of the transgression to the loop space is 
obtained by applying equation (jfj.lHj) . 

Gqi = exp^ / fcpQ(e)pi(e) ■ ]^fi'p/(e)po(t,)pi(i,)5'po(e)pi(e)pi(?;)'W^po(e)poWpi(f)%0^(e)pi(e)pi (!>)('") 
e ^ v,e 

(8.11) 

Since P^ and Pb have the same Dixmier-Douady classes then by functoriality of the 
transgression (see ^7.ip the line bundles r(P^) and t{Pb) have the same Chern class. 



122 



so there exists a trivialisation {hajs, Aa) satisfying 

9af3^w-^^ = hf^jh-^haf^ (8.12) 
kaf3 = -d log haf3 + Aa- Af3 (8. 13) 

The pair {h,A) defines an A-field Substituting into ()8.1H) and using the usual 

combinatorial arguments we get 

Goi = exp J2 ji^Pi{e) - ^po(e)) ■ n V(e)piW^;o'(e)po(^')(^) ^S'^^) 



and thus we have local functions 

To = exp^ / Apo(e) ■ n V(e)PoW(^) (8-15) 

satisfying Fq ^Fi = Gqi- These local functions may be pulled back to give local functions 
(or equivalently sections of a trivial bundle) on EM and cancel the anomaly. 

We would like to indicate how this local picture relates to the global version given in 
[TT] . Denote the transgressions of and by and Lb respectively. The original 
term in the action from which the anomaly arises is the Pfaffian of the Dirac operator 
on the world sheet, denoted Pfaff, which is a section of L^,. We refer to j2^ for further 
details since this term does not arise from bundle gerbe considerations. 

The bundle Lb corresponds to the following bundle 0-gerbe, 



hol(Ps) 



^2(M) ^ D'^{M) 

i 



LM 



so the bundle d Lb is given by 



hol(Ps) 



i 

EM 

The section of O^^Lb may be defined by 0B(S,cr) = hol(PB; S^^o") where a G D{M) 
satisfies da = (9S. The gluing property of holonomy ensures that this is a bundle 
0-gerbe trivialisation on EM Xt^D{M), so it defines a section of the line bundle O'^Lb- 
To get a local expression let Xb be a D-obstruction form for Pb over E corresponding 
to a trivialisation Tg, then 



hol(PB; S#o-) = exp / xb 

= H^ntiB; T)Hr-^^{B- a)Ho{TB-^ dT.)Hg\TB; S) ^^'^^^ 
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where we have used the fact that the local expression for exp /^^^ Xb splits into terms 
on the interior of St^o", Hj, which are the extension of the holonomy formula on closed 
manifolds, and terms on the boundary, Hg, which depend on a choice of trivialisations. 
See Chapter 5 for further details. 

The section corresponding to the trivialisation of L.^^ ® Lb niay be defined as a 
function A on D{Q) such that A((T2) = A((Ji)hol((Ti#(T2), so it is a trivialisation of the 
transgression bundle 0-gerbe 

hol(Pfl(g)P*) 

/ 

S\Q) ^ D\Q) 

i 

HQ) 

Note that this bundle is only defined on Q since it is only on the brane that the 
Dixmier-Douady classes of Pu, and Pb agree. The standard section of this bundle is 
obtained by extending the holonomy function to discs. Let A be a trivialisation of 
P^ ®Pb (the trivialisation defined by the A-field). Then in terms of the corresponding 
-D-obstruction form xa "we have 

AA(cr) = exp / Xa 



= H,nt{B-w-a)Ha{A-T.) ^^'^^^ 
= H,^t{B;a)Hr]iw;a)H9iA;i:) 

Now we combine (pB and A^ to get 

H,^,iB;J:)Hr^liw;a)H9iA;J:) (8.18) 

In this context the anomaly corresponds to a dependence, so while we have cancelled 
some a terms there is still one left. This is because we have not yet incorporated the 
section of d'^L^. Consider this as a bundle 0-gerbe, 

hol{P„) 

i 

Sq(M) 

Observe that in this case we cannot use the same approach that we used to define 
the section (pB since P^ is only defined on Q and in general elements of Sq may not 
lie entirely in Q. Due to the definition of P^ is turns out that there is a section of 
this bundle called Pfaff Given any such section we may find a C- valued function 
(since the section may vanish) on Sq x^r D{Q) via the corresponding local functions, 
Pq. This function is defined by 7r*po(S)ifj„t(w; a). It is easily verified that this is a 
section and is a globally defined function since the local dependence of the two terms 
cancels. Thus when we incorporate this term into ()8.18|) the anomaly is cancelled and 
we are left with terms derived from the Pfaffian, the 5-field and the A-field. 
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The second case, which appears in [^Q,, involves a i?-field which has a different 
Dixmier-Douady class to P^i, but it is still required to be torsion. In this case the line 
bundle obtained by transgressing P* ® Pb is no longer trivial so we need some further 
structure to cancel the anomaly. Before we introduce this we would like to see the 
nature of the obstruction from a local point of view. The following arguments follow 
|,30j closely. We have a torsion bundle gerbe P(w,b) = P^ ® Pb with Deligne class 
{gw~^,k,B_). Since the image of H^{M,7j) in if^(M, R) is zero then the curvature is 
exact, so denote it by dB. We now have a series of equations 

dB (8.20) 
Bp - dmp (8.21) 
mp-nia + d log qap (8.22) 

/3Caf3-f (8.23) 

where rria are 1-forms, qa/3 are ?7(l)-valued functions and are f/(l)-valued con- 
stants. These constants correspond to the torsion class which measures the obstruc- 
tion to the equality of dd(P^) and dd(PB). Since ga/s-fW'^^ represents a torsion bundle 
gerbe it admits a bundle gerbe module, so from a local point of view there exist matrix 
valued functions A^/j satisfying 

gaf3-/W~p^ = X/3^X~}^Xp^ (8.24) 

and so we have a sort of 'non-Abelian trivialisation' of (, 

Cq/37 = '^^'y^fl^ ^a^Qa-yXp^q^^ (8.25) 

where it is assumed that all scalar functions are multiplied by the unit matrix of the 
appropriate dimension so that this expression makes sense. We may view this in terms 
of a more general problem: if we are given a bundle gerbe with a trivialisation then 
we may find a trivialisation of the transgression bundle on the loop space, so if we 
have a bundle gerbe module represented locally by {Xa/s, Oa) then we want to know to 
what extent we can use this to trivialise the bundle on the loop space. The answer is 
that in general we cannot trivialise the bundle, this would violate functoriality since 
the original bundle gerbe is non trivial, however we can find a C-valued function which 
'trivialises' it. The distinction is analogous to that between a non- vanishing section 
of a line bundle and a section in general. It is a result of Kapustin ISDj that this is 
section is given by the trace of the holonomy of the bundle gerbe module ^. We may 
realise this locally in terms of the holonomy of a non-Abelian bundle ^I]. Over a disc 
the bundle gerbe which acts on the module is trivial, choose a trivialisation J. Let J 
be represented locally by the pair {Ka,jai3)- The bundle E ® J* then descends to the 
disc. The trace of the holonomy of this bundle can be calculated over the boundary of 
the disc. To eliminate the J dependence we must introduce another term, exp xJi 
where xj is a D-obstruction form for the bundle gerbe C, and trivialisation J. It is 
easily shown jTTj that this defines a section, as a C valued function on D{Q). 

To examine the anomaly cancellation from a local point of view we must be careful 
as we cannot use the usual holonomy formula in the non-Abelian case. When the 
boundary loop da is triangulated the holonomy breaks down in to an ordered product 

^Kapustin dealt with Azumaya modules which have the same local data as bundle gerbe modules. 



dBc, = 

Ba — duia = 

kaP = 

gap-yW'L = 
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of parallel transport terms along edges and jumps at vertices. Following Kapustin jiHO] 
we denote the parallel transport for the bundle with connection 9 — K along the edge 
e by hole(6'p(e) - Kp^). The jumps are given by terms of the form >^p{e)p{v)i~i^e)p{v)- ^he 
trace of the holonomy is then given by 

Tr [holeo(^ - i^)p(eo) • (Aj"^)p(eo)p(m) " (j^"^)p(m)p(ei)holei - i^)p(eO • • •] (8.26) 

The Abelian parts may be pulled out of the trace leaving the trace of holonomy term of 
Kapustin, which we denote simply by Trhol(^; da). The Abelian terms maybe be then 
dealt with by the usual combinatorial methods to give the term Hq^{J; a). Combining 
all terms corresponding to the bundle gerbe ( and module E we now have 

TT\io\ie)Hg\j; da)HintiC, ^)Hd{J; da) = Tr hol(^^; da)Hint{C; ^) (8.27) 

The contributions from the i?-field and the torsion class w are as in the previous case, 

i7,„,(i?; S)i/rJ(5; a)VmHr^,{w- a) (8.28) 

The A-field now trivialises P*^Pb^P^, so the corresponding terms are the opposites of 
all of the Hint terms in the previous expressions as well as Hg{A] (9S). Thus combining 
all terms and using da = (9S we gain a combination of terms, 

Hint{B; S) ■ Pfaff ■ Trhol(^; ^S) ■ HaiA; dE) (8.29) 

which is independent of a and so the anomaly is cancelled. 

The third case is where the S-field is non-torsion, so the class ( is non-torsion and 
so does not represent a bundle gerbe which admits a bundle gerbe module. To get 
around this it is possible to define bundle gerbe modules with infinite dimensional fi- 
bres [3] which are acted on by non-torsion bundle gerbes. These may be used to define 
a Trhol term which cancels the anomaly [llj. The details of this approach are not 
particularly relevant here, however we make note of it since it shows that the bundle 
gerbe theoretical approach of the simpler cases described above leads to a way of deal- 
ing with the general case. 

C-Fields. It seems likely that bundle gerbes could be useful in other string theory 
applications. In particular it has been noted (|121; IS]) that C-fields in five-brane 
theory may be represented locally by the following data: 



C^-Cp = dB^p (8.30) 

Ba/3 + -B/j-y + B^a = dAa/S'y (8.31) 

AfB-yS — AayS + Aaf3^ — Aal3^ = dloghaiSyS (8.32) 

Shal3-yS = 1 (8.33) 



This data defines a class in H^{M, V^) or an equivalence class of bundle 2-gerbes. The 
actions which are defined using C-fields are not the holonomy of this bundle 2-gerbe 
since they are usually defined in seven or eleven dimensions rather than three (|46j.|18j). 
These actions are higher dimensional generalisations of Chern-Simons theory, and while 
we do not have a theory of higher bundle gerbes that applies in such dimensions the 
actions may still be interpreted in terms of Deligne cohomology. If the curvature of the 
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C-field is G then the seven dimensional Chern-Simons term is defined on a 7-manifold 
M by its extension to an 8-dimensional manifold X as 



CS^{C) =exp I G ^G 



(8.34) 



Jx 



We may think of this as the holonomy of a Deligne class in H'^{M, D^) with curvature 
GAG. Such a Deligne class may be constructed via a cup product. Let [G] G H^{M, V^) 
be the Deligne class of the C-field. Then [G] U [G] is a class in H'^{M, D^) ^ with curva- 
ture G AG. The action may then be defined without the extension X as the holonomy 
of this class over M. If the local 3-curving forms Ga are actually globally defined (cor- 
responding to G being de-Rham trivial and the C-field representing a torsion bundle 
2-gerbe) then this may be expressed as 



In the general case it would be necessary to use the formula for the cup product 
(definition \'d.l5\i and to substitute the resulting Deligne class into the general formula 
for holonomy given by proposition 15.51 Given a 6-manifold W then it is possible to 
construct a line bundle by transgression, a local formula for the transition functions 
would be given by equation ()(j.29|l . 

An 11-dimensional Chern-Simons theory may be defined in a similar way. This 
time the Deligne class is given by the triple cup product [C] U [C] U [C] so that the 
curvature is C A G A G. The holonomy is defined as an integral of this curvature over 
a 12- manifold, an integral of C A G A G over an 11-manifold or more generally by a 
transgression formula. There is a transgression line bundle obtained by considering the 
holonomy over 10-manifolds. 

These observations give only a starting point for a bundle gerbe analysis of C- 
fields and 5-brane theories. We have not analysed anomaly cancellation for this theory 
however it is possible that our approach to anomaly cancellation in the D-brane case 
could also apply here to some extent. 

8.4 Axiomatic Topological Quantum Field Theory 

We would like to relate the properties of bundle gerbe holonomy and transgression to 
the axioms of topological quantum field theory (TQFT) (^,L2E|)- This arises from the 
relationship between holonomy and topological actions that has been demonstrated 
in the previous sections, however it should be noted that we have considered only 
classical actions. It is possible to proceed to topological quantum field theories using 
the technique of path integration (see [IH] for a discussion of the case of Chern-Simons 
theory), however this is not generally well defined and will not be discussed here. The 
axiomatic definition of TQFT is of interest however since TQFTs may be derived from 
classical theories satisfying similar axioms. 

As additional motivation we cite some relevant literature. It has been noted that the 
line bundle obtained via transgression of a gerbe fTJ and the Chern-Simons lines PU] . 

^Recall that the cup product of two classes in HP{M,VP) gives a class in iJ^P+^(Af, 1?^^+^) since 
the cup product is actually defined on HP+^{M,Z{p + 1)d) = HP{M,VP). 




(8.35) 
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which we have derived via transgression satisfy certain axioms which are closely related 
to those of TQFT. This approach to quantum Chern-Simons theory has been taken 
by Freed ^H] in the case where the gauge is group is finite since in this case the path 
integral reduces to a finite sum which is well defined. In this instance the properties of 
the classical theory carry over to give the axiomatic properties of the quantum theory. 
Another approach is to consider homotopy quantum field theories |9j which in certain 
cases are closely related to gerbes. Generalisations relating to higher categories have 
also been considered jl]. Also Segal jlHI considers an axiomatic approach to -B-fields 
in string theory, following the axiomatic definition of conformal field theory (CFT). 
Thus the link between gerbes, topological field theories and axiomatic definition of 
such theories has arisen in a number of different ways. 

We shall consider first the axioms given by Atiyah and then examine the extent to 
which they relate to bundle gerbe theory. 

Definition 8.2. [1^ A topological quantum field theory (TQFT) in dimension d defined 
over a ground ring A, consists of a finitely generated A-module Z^E) associated to each 
oriented closed smooth d-manifold S, and an element Z{X) G Z{dX) associated to 
each oriented smooth {d + l)-manifold X. These are required to satisfy the following 
axioms: 

1. Z is functorial with respect to orientation preserving diffeomorphism of S and 

2. Z is involutory, that is, reversing orientation of the manifold gives the dual mod- 
ule, 

3. Z is multiplicative under disjoint unions and gluing of manifolds. 

We also note some further explanation from about each of these axioms. 

• Functoriality. Let (p : H —>■ H' he a.n orientation preserving diffeomorphism. 
Then there is an isomorphism of modules Z{(f)) : —>■ 2'(S') such that 
Z{ip o (p) = Z{%1)) o Z{(j)) where : E' — > S". When extends to an orienta- 
tion preserving diffeomorphism X — > X', with dX = E, dX' = E' then the 
isomorphism Z{(j)) maps Z{X) to Z{X'). 

• Involution. In general a reverse in orientation gives a 'dual' module. When A 
is a field then a reverse of orientation gives dual vector spaces. We need not be 
concerned here with details of the general case. 

• Multiplication. In the case where S and S' are disjoint we have Z(S U S') = 
Z(Z1) (g) Z{11'). If X has boundary Si U S2 and we cut X along S3 to get two 
components such that dXi = Si U S3 and 8X2 = S2 U S3 then 

Z{X)=<Z{X^),Z{X2)> (8.36) 

which is defined to be the natural pairing 

Z(Si) ® Z(S3) ® Z(S3)* ® Z(S2) ^ Z(Si) ® Z(S2) (8.37) 
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If we set Z{^d) = A, where 0^ denotes the empty (i-manifold then we may extend 
this to the case where X is closed and may be cut along E to make X = Xi Us^2- 
In this case we also get ()8.H(ij) however this time it represents a pairing 

Z(S)®Z(S)*^A (8.38) 

If 0ri+i is considered as the empty {d + l)-manifold then we let Z{^d+i) = 1- 

Our model for relating these axioms to bundle gerbe theory will be the case where 
the module is a vector space defined as the fibre of a vector bundle. To stay consistent 
with the preceding work we shall allow A = f/(l), so instead of a vector space we have 
a principal f/(l)-space. This should be thought of in the same terms as the equivalence 
between principal bundles and associated vector bundles. Holonomy and transgression 
will not define TQFTs in this sense, however we have given the axioms in this form since 
they are well known in the literature. Instead we consider the "classical" TQFTs which 
Quinn [39j uses in a study of Chern-Simons theory in terms of axiomatic TQFT. These 
theories differ from the TQFTs defined above in that there is extra data associated with 
the manifolds on which the theory is defined. It is required that there is a topology on 
this extra data, for example it may consist of a space of mappings. To be specific, if the 
holonomy of a U{1) bundle L —>■ M with connection A was considered to be a theory 
associated with a closed 1-manifold F (a disjoint union of loops) then the problem is 
that the theory does not just depend on F itself, it also depends on the map of the F 
into M. Recall that to define the holonomy we pull L back using this map, so the extra 
data could be considered either as an appropriate equivalence class of maps of 7 into 
M or alternatively as a space of isomorphism classes of bundles with connection over 
F. Since all such bundles are trivial then this is actually a space of gauge equivalent 
connections which arises in the path integral. Note that these theories are not to 
be confused with classical theories which take values in a field (for example M) and 
which differ significantly from the quantum theory in that the multiplicative property 
involves a scalar product rather than a tensor product. See [22] for a discussion of the 
importance of this difference. 

Allowing for extra data as discussed above, the following examples all satisfy the 
axioms by the results discussed in §7.11 

Holonomy and Parallel Transport of Line Bundles. In terms of definition 18. 21 we 
are dealing with a 0-dimensional theory where we think of a 0-dimensional manifold as 
a point. Let (L, M) be a line bundle with connection, then associated with any point 
m e M we have a group defined by L^, the fibre of L at m. Given a path // in M with 
(9/i = {mo, mi} then there is an element Z{fi) G Z{dfi) = L*^^ ®Lm^ which is defined by 
parallel transport. Given a closed loop 7 then there is an element ^'(7) G ^(0) = U{1) 
which is defined by the holonomy around 7. 

Holonomy and Parallel Transport of Bundle Gerbes. These define 1-dimensional 
theories. Let (P, Y, M) be a bundle gerbe with connection and curving. For any 7 G 
LM let Z{'-)) be the fibre of the transgression bundle L = tsiP at 7. Given a 2-manifold 
S with boundary = [j^Ji then there is an element Z(S) G Z((9S) = (g)^ \ 
where a{i) is the orientation of the boundary component, defined by the section of 
9~^L — > EM which is derived from the holonomy. For a closed 2-manifold the element 
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of 2'(0) = U{1) is defined by the holonomy. 

Holonomy and Parallel Transport of Bundle 2-Gerbes. These define 2- dimensional 

theories in precisely the same way as the previous two examples so we omit details. 

The bundle gerbe hierarchy and the properties of holonomy and transgression imply 
the existence of more general theories where Z^E) is no longer a vector space but which 
essentially satisfy the same axioms. We have used fibres of bundles in the place of the 
modules ^(S), so the next step in the hierarchy is to use the fibre of a bundle gerbe. 
Such a fibre is a [/(l)-groupoid in the sense of We shall review this construction 
here, the important point being that all operations on modules which are required in 
definition 18.21 have analogous constructions in the groupoid setting. 

Definition 8.3. A U{l)-groupoid with base X is a principal f/(l)-bundle P X"^ 
which has a product which is a bundle morphism covering the map {{x,y), {y,z)) 
{x,z). This product is required to be associative. 

We may denote this groupoid by the pair {P,X). A t/(l)-groupoid has an identity, 
given by a section of P over the diagonal {x,x) G X^, and an inverse which is given 
by taking the dual bundle P* —>■ X"^. The existence of the identity and inverse is 
implied by the definition (see |36^ for details). A morphism of f/(l)-groupoids is a 
morphism of f/(l)-bundles which respects the product structure. It is clear from the 
definition of a bundle gerbe that the fibre over a point in the base has the structure 
of a f/(l)-groupoid. Given a point m in the base then the objects are all y & Y such 
that 7i{y) = m and the morphism between two objects y^ and yi is given by P{yQ,y^)- 
Composition of morphisms is given by the groupoid product. The tensor product of 
two groupoids is defined by analogy with the tensor product of bundle gerbes. Given 
groupoids defined by (P, X) and {Q, Y) the product is the groupoid defined by the 
tensor product bundle P®Q X^^^ x Y^'^\ A trivialisation of a f/(l)-groupoid (-P, X) 
is a f/(l)-bundle L — X such that there is a bundle isomorphism P(x^^x2) — L*xx ® ^^2- 

We now consider theories for which the modules 2'(S) are replaced by groupoids 
and elements of modules Z{M) e Z{dM) are replaced by trivialisations. The reason 
for this is that when Z{dM) is the fibre of a bundle then an element of the fibre is deter- 
mined by a section which is equivalent to a trivialisation. All operations involved in the 
axioms are replaced by those described above. If we are dealing with a (i-dimensional 
theory then we define Z{(l)ci) to be the groupoid with one object, that is (P, x) where x 
is a single point, which may also be viewed as a fibre of a bundle given by the trivial 
morphism P(x,x)- This ensures consistency of the multiplicative property. Similar ideas 
have been explored by Freed ^HI using actions which take values in torsors. 

Fibres of a bundle gerbe. Let (P, F, M) be a bundle gerbe with connection and 
curving. We use this to define a 0-dimensional groupoid theory. For any point m G M 
let Z{m) be the fibre of the bundle gerbe over m. Given a path /i from mo to mi there 
is a trivialisation of P^^ ® Pmi defined by the extension of the loop space transgression 
to paths. Recall that when using the transgression approach to holonomy reconstruc- 
tion the transition functions of the bundle over the loop space extend to a trivialisation 
of a bundle gerbe on VM which is isomorphic to the pull back of the original bundle 
gerbe by the boundary restriction map. Given a closed loop 7 we have a fibre of the 
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transgression bundle which we consider as an element of the trivial groupoid. 

The loop space transgression of a bundle 2-gerbe If we have a bundle 2-gerbe 
(P, Y, X, M) then we may define a 1-dimensional theory by applying the previous ex- 
ample to the bundle gerbe on LM which is obtained by transgression (see ^6.4j) . 

In theory this approach could be extended to an even more abstract setting by mov- 
ing further up the bundle gerbe hierarchy. By considering fibres of a bundle 2-gerbe 
over a point one would obtain a theory where the modules are replaced by 2-groupoids. 

Finally we comment on the fact the theories which we have described here all 
correspond to theories involving modules (or groupoids) which are one dimensional 
vector spaces. This is because there is not currently a satisfactory theory of non- 
Abelian bundle gerbes, so we only have generalisations of line bundles and not vector 
bundles of higher rank. 
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